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Abstract

Model reduction is a central problem in analyzing complex systems and high-
dimensional data. We study the state compression of finite-state Markov process from
its empirical trajectories. We adopt a low-rank model which is motivated by the state
aggregation of controlled systems. A spectral method is proposed for estimating the
frequency and transition matrices, estimating the compressed state spaces, and recov-
ering the state aggregation structure if there is any. We provide upper bounds for the

estimation and recovery errors and matching minimax lower bounds.

1 Introduction

Dimension reduction is a central problem in system engineering and data science. In scien-
tific studies or engineering applications, one often needs to interact with unknown complex
systems about which many noisy observations of system characteristics and system trajec-
tories are available. The exact structures and dynamics of the system are typically masked
by massive observations of noisy variables, many of which might not be relevant to the
physical state of the system. It is often unclear how to describe the “state” of a system,
when one can only access noisy observations. One may view each unique observation as
a single state, however, this would generate a huge- or even infinite-dimensional process
which is difficult to model or analyze. Although there exists a vast body of literatures
on time series analysis [I8], they typically require knowledge of specific models and might

perform poorly when the models are misspecified.
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Let us focus on the model reduction of discrete-state Markov processes where the tran-
sition function is not known. Suppose that we are given the trajectoric data generated by a
black-box Markov process. The goal is to “sketch” the unknown dynamics from the limited
data as well as to “compress” the state space into compact representations. We are inspired
by the state aggregation approach for reducing controlled systems, which corresponds to
a special decomposition of the system’s transition function. In this paper, we consider a
more general framework for state compression of Markov processes based on low-rank mod-
els. There are a few basic questions of interest: How to compress a large state space into
compact representations? How to find an approximate state-aggregation structure based
on empirical data? How to quantify the estimation error? In this paper, we plan to take a

substantial step towards answering these questions.

1.1 Motivating Examples

State compression finds wide applications in analyzing random dynamic processes. Exam-
ples of application include network analysis, community detection, reinforcement learning

and ranking problems.

e Network Analysis and Community Detection. Suppose that the network is hidden and
one needs to learn from the dynamic “state-transition” data, which are snapshots of
a random walk associated with the implicit network. For example, records of taxi
trips can be used to reveal the traffic network of a metropolitan [26, 3]. Each trip
can be viewed as a fragmented sample path realized from a city-wide Markov chain
that characterizes the traffic dynamics. Experiments suggest that one can use state
compression to recover the zoning of Manhattan city [52]. Existing results for network

partition do not address the Markov nature of state-transition data.

o Reinforcement Learning. Reinforcement learning applications such as autonomous
driving and game AT are modeled as Markov decision processes [46]. Given trajectories
of game snapshots by an expert player, it is of vital interest to identify the compressed
representation of the “state” of game. Multiple efforts show that as long as a reduced
model is given, on can solve the reinforcement learning in sample-efficient ways; see

[44] for reinforcement learning with known soft aggregation models.

o Ranking Problems. Learning to rank is a basic problem in machine learning, where the
goal is to reconstruct a rank-ordered list from training data that consist of partial-
ordered lists [32, 13]. Such problems typically arise from e-commerce applications
where one needs to analyze click streams. The click stream can be viewed as a

random walk on the space of all possible clicks, governed by the advertising strategy



the user’s preference. State compression of click stream might provide insights into

the consumers’ preferences.

1.2 Related Work

This work is related to previous literatures on spectral clustering, latent-variable models,
and state aggregation of controlled system. Network data arise in many applications and
research areas. Examples include protein-protein interaction networks [22], phone commu-
nication networks [34], collaboration networks [6], correlation networks between stock prices
and the gravitational interaction network of dark matter particles in cosmology [38], 27, 33].
Due to the highly complex nature of these networks, many efforts have been devoted to in-
vestigate reduced-order representations from high-dimensional data (e.g. [14} [39] B7, 12]).
Previously, [45, 51, 20] considered the minimax-optimal estimation under various losses
and specific discrete distributions with i.i.d. observations. In contrast, the estimation of
Markov frequency matrix is a discrete distribution estimation based on non-i.i.d. random
walks and low-rank structures. The spectral clustering is a class of powerful methods that
exploits the spectrum structure, reduce the dimension, and perform clustering for the high-
dimensional data [29] 36]. This method is widely used in various problems in statistics and
machine learning, such as community detection [411 [35] 24], high-dimensional feature clus-
tering [21], 8], imaging segmentation [43] 55]. For most of spectral clustering literature, the
data are independent but not Markovian generated. Most of the existing statistical results
on low-rank matrix estimation focus on independent and identically distributed data.
There is a large body of literatures on the model reduction of large-scale systems. One
popular way to model complicated systems in reduced dimensions is the so-called state
aggregation [4, B, 31l [40]. Admitting an inherent state aggregation structure means that
the large collection of states can be mapped into a small number of state clusters without
affecting the system dynamics. In practical engineering systems, state aggregation is usually

heuristically imposed by practitioners based on domain-specific knowledges.

1.3 Scope of This Paper

In this paper, we first study the discrete-state Markov processes where the state space
is finite and known a priori. Supposing that the transition probability is unknown, we
alm to estimate a compressed model of the transition matrix from empirical trajectories.
We propose a spectral state compression method for state space reduction of the Markov
processes, which is based on truncated singular value decomposition. Then we extend the

analysis for continuous-state Markov processes. Our main results are as follows.

1. We establish upper bounds on the estimation error for the frequency and transition



matrices, and further establish matching minimax lower bounds for a large class of
Markov processes. Our method and result also extends to the estimation of general

stochastic matrices that are not necessarily square.

2. We show that our method recovers the leading low-dimensional subspace for Markov
processes, which we refer to as the compressed state space, with high accuracy. We

provide upper bounds and minimax lower bounds for the subspace recovery error.

3. In the special case where the Markov process admits a latent state-aggregation struc-
ture. We show that the state compression method applies to recovering the state

clusters with high probability.

4. We also consider the continuous-state Markov process low-rank kernel estimation.
Particularly, a functional truncated singular value decomposition is introduced based
on local smoothed empirical surface. The estimation upper bounds are further estab-
lished.

We provide a general framework for dimension reduction of Markov processes, which applies
to special cases like latent-variable models and lumpability of Markov models. The state
compression method can be further used as basis functions for approximating distributions

or for recovering state aggregation structures.

Outline Section 2| proposes the spectral method for low-rank approximation of Markov
chains and provide recovery guarantees. Section |3| investigates the factorization approach
to identify state aggregation structures for lumpable Markov chains. Section [4] extends the
low-rank estimation results to continuous-state Markov processes and gives upper bound

for the estimation error.

Notation and Preliminaries Let small case letters, such as x,y, z, to represent scalars
and vectors. For z,y € R, we note x Ay and x V y as the maximum and the minimum of
x and y, respectively. Especially, (z)+ = x V 0 = max{x,0} represents the non-negative
1/
)

part of z. For vector v € RP, define its £, norm as |ull, = (3F_; |vi|9)™?, particularly

lulll = S5 uil, [ulla = O, )2, and ||ullw = maxj<i<p |ui| will be extensively
used throughout the paper. We use boldface upper case letters, e.g. F, P, to represent
matrices. For X € RP1*P2 with singular value decomposition X = Zilz/\lp 2 opugvy , denote
0r(X) as the k-th largest singular value of X. Several matrix norms will be considered
in this paper, including Frobenius norm || X||p = (Zi,j X?j)l/Q and spectral norm || X|| =
SUp||y|l,<1 | Xull2. The class of p-by-r orthogonal matrices is denoted as Oy, = {U € RP*" :
U'U = I.}. Finally, we use C,Cy,C1,... and ¢, cg,cy, ... to present the large and small

constants respectively, whose actual values may vary from line to line.



Next, we briefly review the basic concepts of Markov process. Given a discrete Markov
process on p states {1,...,p}, denote its transition matrix as P € RP*P. Given n states
{Xo,..., Xy} from P, one must have P(X}, = j|Xy—1 = i, Xp—2,...,X0) = Py; for all
k>1,1<14,j < p When the Markov chain is ergodic on a finite-dimensional state
space, a stationary distribution u € RP exists and characterizes the frequency of each state
in a long time observation, p; = limy, e % POy 1{x,=i}- Furthermore, p is a stationary
distribution if and only if u'P = u',pu; > 0 and > i = 1. For convenience we
also denote fimin = mini<ij<p i, fmax = Maxi<i<ptf;- The p-by-p frequency matrix F
characterizes how frequent State i jumps to State j for each (i,j) pair in the long run:
F;; = %Z?:l L{xy=i, Xy 1=j}- Then P and F are related via F = diag(u)P (or Fi. = p;P;.
for any 1 <i < p). Some basic properties of P and F are collected in Lemma in the proof

section, which will be used in the technical analysis in this article.

2 Low-Rank Estimation of Discrete-State Markov Chains

In this paper, we focus on the state compression of finite-state Markov process based on em-
pirical state trajectories. Consider the Discrete-time Markov chain on p states {1,...,p}.Let
us consider the model that the system state transition matrix P € RP*P is an approximately

low-rank matrix; see Figure

Figure 1: State compression of high-dimensional Markov chains. Informally speaking, we want to find a
low-rank decomposition that approximate the transition probability matrix. When the transition probability
matrix P is low-rank, one can map high-dimensional states into low-dimensional states while preserving most

of the system dynamics.

2.1 A Spectral Method for Markov Transition Matrix Estimation

We consider a Markov chain on p states {1,...,p} with transition matrix P € RP*P and
frequency matrix F € RP*P. Given (n + 1) observable states {Xp,..., Xy}, it is natural
to estimate P and F via the following empirical frequency matriz and empirical transition

matriz,

5 . _ 1 @
F= (Fij)1§i,j§p’ Fig =2 kzl X=X (1)



k=1 I{Xk—1=i«xk:.7'}

) ] i L . n_ >
b_ (P”) 7 PU _ Zk:l 1{Xk_1:i} ) if Zk—l ]-{Xk—l—l} - 1a
1<i,j<p L if > ko1 Lix,_,=i3 = 0.

The empirical transition matrix is in fact the maximum likelihood estimator [I].

(2)

When F or P further satisfy low-rank assumption, we consider a spectral method for
estimation. Suppose the singular value decomposition of F is F = UpX FV;, where Up
and Vp are p-by-p orthogonal matrices, 3 is p-by-p diagonal, we propose

F(T) = (ﬁF,[:,lzr]i)F,[lzr,lzr](VF,[:,I:T])T>+7 (3)
and P is estimated after the row-wise normalization as

{ B /S R, i Y E > o,

PO c rrxr, P — i
11,, it 320 F =0,

] (4)
Remark 1. The proposed F(") and P is related to the hard singular thresholding esti-
mator, which has been applied to various settings, including matrix denoising [9, 42, [15] [§];
matrix completion [7, [10]. However, due to the additional transition matrix structure (see
Lemma [2| in the proof section) and Markov dependency, the analysis is different from and

far more complicated than most of the previous independent sampling settings.

2.2 Optimal Low-Rank Recovery of Transition Probability Matrices

Next, we investigate the theoretical performance of the proposed estimators F@) and P,
The result relies on a key quantity of the Markov mixing time. For any ergodic Markov
transition matrix P with p states and stationary distribution p, and any value € > 0, the

Markov mizing time is defined as

= i - VE 1 K T
7(5)_112%““{/‘7'% >k, 2H(P )[i,:] i ngg ) (5)

Clearly, 7(¢) is an non-negative, integer-valued, and non-increasing function. The Markov
mixing time measures how many jumps one needs to ensure that the state is sufficiently
random given any specific starting state. The interested readers are referred to [25] for a
more comprehensive discussion of Markov mixing time. Based on 7 := 7(1/4) in particular,
the following theoretical upper bound holds for F") and P,

Theorem 1 (Upper Bound). Suppose P € RP*P and u € RP are the transition matriz and
inwariant distribution of some ergodic Markov process on p states. We observe n consecutive
states from any starting points. Denote T = 7(1/4), where 7(t) is the Markov mixing time
defined as . Ifrank(P) < r and the truncation rank v satisfies r < 7, there exist universal



constants Cy, C' such that when n > Cyrp - :;““‘ 7log? (n), we have

min

p
- (7 C’rp
EY | —Fify < + maxp - 7og? (), (6)
1< 5 (7) Crp pn
EE Z HPZT —-Pif1 < - H;ax -TlogQ(n). (7)

Remark 2. The proof of Theorem [1| relies on a novel matrix Markov chain concentration
inequality with mixing time (Lemma @, which characterizes the spectral norm distance
between F and F. Then based on the low-rank assumption of F and P, we perform a

careful spectral analysis (Lemma ) to obtain the error bounds for F(") and P,

Remark 3 (Empirical estimators P and f‘) The empirical estimators P and F usually yield
a larger convergence rate since it does not utilize the low-rank structure. Consider the case
that P = 11p1; , the empirical frequency and probability estimation yields a larger error
rate than F(") and P™): E|F—F|, < EX ||P P||; < \/p%/n. In order to obtain consistency
estimation, the sufficient sample complex1ty for P(") and F(") is O(prpolylog(p)), which is

smaller than O(p?), i.e., the sufficient sample complexity for F and P.

The actual value of Markov mixing time 7(t) is generally difficult to evaluate in practice.
On the other hand, 7(g) can be characterized by the following Cheeger’s constant and eigen-

gap condition.

e Cheeger’s constant [11)]: the following Cheeger’s constant is introduced to measure the

degree of connectivity for P,

) oo i P
® = min ZZEQJEQ Hitiy . (8)
QC{1,...,p} mm{ZzeQ His Zieﬂc i}

Cheeger’s constant essentially characterizes the connectivity of all different parts of the

Markov chain. The larger ® implies the less chance that the state will “stuck” in some

subsets of the states for a long run.

e Figen-gap condition: When P satisfies the detailed balance condition, i.e., 1;P;; = pjPj;
for any 1 < 1,5 < p, or equivalently F is symmetric, the corresponding Markov process is
referred to as being reversible. The reversibility is an important and widely considered
condition in stochastic process literature. The largest eigenvalue of a reversible Markov
transition matrix is always 1; suppose the second largest eigenvalue of P is Ao < 1, then
1 — A9 plays an important role in regulating the connectivity of the Markov chain: the
more close A9 is to 1, the more likely the Markov chain is congested. Moreover, the
eigen-gap of reversible Markov processes can be estimated from the observable states via

a plug-in estimator proposed by [19].



The following results hold as an extension of Theorem [I| based on Cheeger’s constant or

eigen-gap assumption.
Corollary 1. Under the assumption of Theorem/[d]

1. if the Markov chain is with the Cheeger’s constant ®, then

- o Crp log?(n)
E|F® — F|l; <4/ =2 - (tgaxp) - —2n’
| Il < \/ = (Hmaxp) - — 5 (9)
3B = O () L
P — [i,1] [t 111 = n /L?ninp (I)Q )
2. if P is reversible and with second largest eigenvalue Ao < 1, then
. Crp log?(n)
E F(T) - F < - max : ) 11
| Ih_\/ " (Hmaxp) T (11)

L& Cip [ pimax \ log?(n)
B0 1B - Pl < S (L) 22 (12)
p i=1 ' n HminP A2
Correspondingly, the following lower bound results hold for low-rank Markov transition

and frequency matrices estimation.

Theorem 2 (Lower Bound). Consider the following class of low-rank transition and fre-

quency matrices

Fpr :{F e RP*P . F € F,rank(F) < r},
(13)
Pp.r :{P € RP*P: P € P,rank(P) < r}.

where F and P are the classes of transition and frequency matrices whose formal char-
acterizations are given in and . Suppose (n + 1) consecutive transition states
{z0,...,xn} from the corresponding Markov chain with starting point randomly generated

from the invariant distribution. Then following minimax lower bound for estimation of P
and F hold,

inf sup E HF —Fy;. H zc<1/7ﬂp/\l>, 14
FFGFI;,T Z = = n 14)

=1

inf sup E- ZHP - Py H Zc( Tp/\l). (15)

P PeP,,

where ¢ > 0 is some uniform constant.



Combining Theorems [1| and 2 together, we have shown that the spectral estimator F)
and P(") achieves near minimax-optimal up to logarithmic terms, when 7 /7, Oax /Omin, and

7 are of constant order.

Remark 4. The proof of Theorem [I] relies on the careful construction of a series of low-
rank Markov transition and frequency matrices. Then one aims to show that these low-rank
objects are non-separable based on a length-(n+1) Markov train, and the generalized Fano’s

lemma is applied to develop the desired lower bound results.

2.3 Optimal Compression of State Space

The matrix factorization is an important tool for dimension reduction for high-dimensional
data. We further consider the factorization of approximately low-rank Markov process in

this section. Suppose the singular value decomposition of P and F are
Vp
Vpi
where Up, Vp,Up, Vi € Oy, Up,Vp,Up, Vi € Opp, Xp1,Xp2, X1, Xpo are

diagonal matrices with non-increasing order of diagonal entries. It is noteworthy that Vp

p1 0
0 Xpo

1 O

P =[Up Up,] 5
F2

, F=[Up Up,]

and V r represent the same subspace when P or F is of exactly rank-r, since F = diag(u)-P
and the left multiplication does not change the right singular subspace. We consider the

following estimators for the leading singular vectors of F and P,

Up =SVD, (f‘) = leading r left singular vectors of F;

Vi =SVD, (FT) = leading r right singular vectors of F;
A N R (17)
Up =SVD, (P) = leading r left singular vectors of P;

Vp =SVD, (f’T) = leading r right singular vectors of P.
The proposed estimators satisfy the following theoretical properties.

Theorem 3 (Upper Bounds for Low-rank Stochastic Matrix Factorization). Suppose we
observe n states from an ergodic Markov chain with transition matriz P from any starting
point, where n > %. The mizing time 7 := 7(1/4) is defined as (B]). Then the
proposed estimator méléztisﬁes

C\J1/(10) - tmt) - 108 ()
UT(F) — Or41 (F>

E (Hsin@(ﬂF,UF)n v Hsm@(vp,vp)n) < AL

CIIP||\/p/n - panae/ (250) - T log? (n)

7(P) —or11(P) M

E (H sin©(Up, Up)|| V|| sin@(vp,vp)u) <



Particularly if we focus on the following class of approximately low-rank stochastic
matrices,
Ppoap = {P € RPP: P € P,rank(P) < r,0,(P) — 0,41(P) > Ap};

(18)
Fprrp = {P € RP*P . F € F,rank(F) < r,0,(F) — 0,41(F) > A\p},

we can develop the following lower bound results.

Theorem 4 (Lower Bound for Low-rank Stochastic Matrix Factorization). Suppose 2 <

r < p/2, the following lower bound holds for estimations of Up,Vp,Up, V.

N N 1
inf_sup E (|| sin0(0r, Up)|| Al sin OV, Vi) ) = e [ LA 1 p),
UrFEFp,p AF

inf  sup E(Hsm@(ﬂp,up)nAusm@(vp,vp)n)zc Ve
Up PEP, 0 p Ap

Remark 5. Theorems [3| and [4] together yields a near-optimal rate of convergence for

factorizing P and F, when fimax/fimin @and 7 are in the constant order.

3 Optimal State Aggregation for Lumpable Markov Pro-

cesses

Motivated by previous discussions on low-rank stochastic matrix estimation and factoriza-

tion for Markov processes, we consider the lumpable complex network in this section.

3.1 Lumpable Markov Chains and State Aggregation

Suppose the targeting stochastic network is lumpable, in the sense that the node can be
partitioned into smaller number of groups, which still form a Markov chain. Our goal is to

partition these nodes into sub-groups according to lumpability (see, e.g. [29] [16]).

Definition 1 (Lumpability of Stochastic Network [23]). A stochastic process with Markov
transition matriz P is lumpable with respect to partition G1,...,Gy, if for any 1 <k <[ <
r,GeNG =0, GiU---UG, ={1,...,p}, and for any two states in the same group, i.e.,

i,’i/ S Gk,
Y Piy=> Py, (19)

JEG JEG

When the Markov chain is lumpable with r groups, say Gi,...,G, C {1,...,p}, P
exhibits a block-wise structure after permutation (see P, in Figure [2). The original p

states can be compressed into r groups, where the law of walkers on {G1,...,G,} remains

10



a Markov chain. For convenience, let Z € RP*" be the group membership indicator, such
that Zix = 1yieq,)- Following the statements in [29] and [16], the stochastic matrices have

the following decomposition.

Proposition 1 (Lumpability Transition Matrix Decomposition). Suppose P and F are

the transition and frequency matrices of a lumpable Markov chain. Then there exists the

compressed Markov transition matrix P € R™ " for state space {G1,...,G,}, such that
pkl = Z Pij, where i € Gy,. (20)
JEG,

P and F can be further decomposed as follows

P = Pl +P27 (Pl iy = ‘ | Z Pz]7 7f .7 € Gla (21)
JEG,
F=Fi+Fy, (F1); e Z Fi)iy, if jeG. (22)
JEG,

Psy, Fo can be seen as the remainders of low-rank approzimation. Equivalently, P1 can be
written as Py = Z - P - diag(|G1| 7, ..., |Gr|7Y) - ZT. Moreover, P1PJ =0, F1F, = 0.

If Py = UP12P1V;17F1 = UFlZ]FlV;l are the singular value decompositions, Up,,
Vp,, Vg are piecewise linear based on group partitions. To be specific, (Up, ). = (Up, )i,
(Ve = (Ve and (Vi) = (Ur)jr,y for any i,7" € Gg. On the other hand, un-

less the Markov chain is reversible, Up, does not necessarily have piecewise linear structure.

Particularly, the lumpable transition matrix P and its decomposition are illustrated in
Figure

3.2 The State Aggregation Procedure and High-Probably Recovery of
Meta-States

Given rank(P1) = r and Pj is of small amplitude, P can be seen as an approximately rank-
r matrix. Thus, the proposed low-rank factorization method sheds light to the partitions
structure estimation for lumpable stochastic processes. When we implement k-means algo-
rithm on the rows of ﬂ[:,l:r] to partition the p states {1,...,p} into r groups, the following

results on misclassification rate hold.

Theorem 5. Suppose all assumptions in Theorem[1] holds, the targeting Markov process is
lumpable with respect to partition G1,...,Gyr. Let Up, Vg, U, and V be the leading r left

and right singular vectors of F and F, respectively. Then

E (|lsin ©(Ur, Ur,)|| V || sin OV, Vi) )

V1/(m) - i) 108%(n) 9y (23)
C o (F1) oy | AL

11
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Figure 2: Heat map illustration of P, P, Py, P,, and P

When the Markov chain is further reversible, we have

\/1/(])7’11) s PlmaxT 10g2 (’I’L)
UT(Fl)

AL (24)

E (IIsin©(Up, Up)|| V | sin OV, Vi) < | €

Corollary 2 (Misclassification Rate). Suppose one performs k-means on all p rows of Vi

and partition into r groups, i.e., calculate
-
Gi,...,G, =argmin  min TZ Z I(VE) — |3
G1,...Gr V1w, Or ER s=1,eq,
If holds, there exists a permutation among r group memberships, 7, such that
zT: Hi:ie Gy, buti ¢ Grgy (Cr/(pn) it - 7 l0g2(n) + 4||F2||2> o
Gjl o}(Fy) o7 (F1) '

Jj=1 r

IN

If the Markov chain is further reversible, one has

" {iti€ Gy, butig Gogy}l [ Cr/(pn) 2
< . . .
> G5 —<a2<F1> Pl 7108 (">>M

T

j=1
Here ’{z cie Gy, buti ¢ éﬂ(j)} presents the number of nodes in G but was classified into
the other group by mistake.

Remark 6. We prefer performing k-means on Vp for lumpability network partition among
the other singular subspace estimations, since (a) the estimation of Upand Vp yields larger
bounds; (b) Up typically does not have piece-wise linear structure (see Proposition, then

the outcome from k-means on Uy does not provide valid partition estimations.
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4 Continuous-State Markov Process Low-rank Kernel Esti-
mation

Now we further consider the transition kernel estimation for continuous-state low-rank

Markov chain. Given an ergodic Markov process on the continuous-state space S, let

P,F : § xS — R be the transition and frequency kernels, u : S — R be the invariant

distribution. If one observes (n+1) states X = {xo,...,x,} from such Markov process, the

goal is to estimate P and F based on these state transitions. Similarly as the discrete-state
Markov processes, P, F and u are related as F(a,b) = p(a)P(a,b),Va,b € S.

4.1 Low-Rank Kernel Estimation of Continuous Markov Processes

We consider the method for estimating low-rank continuous-state Markov processes.

1. Let K : R2 — R be a bivariate smooth kernel and h > 0 be the bandwidth. Calculate

the following local smoothed empirical surface F : R — R,

F(a,b) = ZK(“_;’LE’“ 1,b_h"’“"’“>. (25)

2. Perform functional SVD on F and extract the first r singular components,
\i >0, a;eLiR), o e€Ll3R), i=1,...,m (26)

Numerically one can obtain these objects via discretization and matrix singular value

decomposition.

3. Then we construct the estimators for frequency and transition kernels and the singular

subspaces,

P:R> R, P(a,b)= _Flab)
4.2 Upper Bounds of Estimation Errors

Suppose kernel F has functional singular value decomposition F = Y22 | Agug ® vy, where
A1 > Ao > >0, {wi()}52, and {v;(+)}22, are two orthonormal systems in /5 finite space

L2(R). The Markov chain mixing time can be defined as follows,

1
() = supmin{k: VK > k,§||P(k)(a,-) () = /|P k) (a,b) — pu(b)|db < 5}. (27)

a€eR

13



Here, P is the k-th power of P,

PW . R2 R, P<k><a,b):/ Pla,20)P(z1,2) - Plag_1,b)dos - dag_1. (28
Rk—l

Next, we establish the upper bound for estimation errors of F and P.

Theorem 6. Suppose a continuous-state Markov chain is with transition kernel P, fre-
quency kernel F, compact support S with constant measure, and invariant distribution p.
If K is an order-| 3] kernel and F belongs to the 2-dimensional Nikol’ski class [48, Chapter

1):

FeH(p,L)= {F : R? = R is | 3]-th differentiable;

1/2
Z / DaF :L‘1 +t1, 22 + tg) D* F(l‘l, IL‘Q)) dzidxs < L(t% + t%)(ﬁ_\ﬂj)ﬂ}.
a<l|B
for constant L > 0. Here, D®F is the differential opemtor with a = (a1, ) € R? as the
order of derivatives. When the bandwidth h = n 43+2 the estimators F and P yield the

following estimation upper bounds,

26
5
/\F a,b) — F(a, b)|dadb < C (log(n”)T> R (29)
log(n)T 42&2
|P(a,b) (a,b)|dadb < Cp i, - . (30)

To better characterize the continuous Markov chain mixing time, we introduce the

following continuous-state Markov chain Cheeger’s constant and eigen-gap.

Definition 2 (Cheeger’s constant for continuous-state Markov chain). The Cheeger’s con-

stant for continuous-state Markov chain is defined as (see, e.g. [2]),

. Jaxge nl@)P(a, b)dadb
® = inf —
QCR min{ [, p(a)da, [o p(a)da}”

Definition 3 (Eigen-gap for reversible continuous-state Markov chain). Suppose P and u

are the transition kernel of a continuous-state Markov chain. Assume the Markov chain
is reversible, in the sense that u(a)P(a,b) = pu(b)P(b,a) or equivalently ¥ is self-adjoint.
Recall that \i,(P) is defined as the k-th largest eigenvalue of P, then the eigen-gap for

reversible continuous-state Markov chain is defined as 1 — \a(P).

With Cheeger’s constant or eigen-gap condition, the following upper bounds hold for

estimation errors.

14



Corollary 3 (Continuous Markov Chain Transition Operator Estimation under Cheeger’s

Constant and Spectral Gap). Under the assumption of Theorem@

1. if the Markov process is with Cheeger’s constant ®, then and with T replaced
by 1/®2 hold;

2. if the reversible Markov process is with second largest eigenvalue Ay < 1, then
and with T replaced by 1/(1 — Ag) hold.

5 Proofs of Main Results

We collect the proofs for the technical results in this section.

5.1 Proof of Theorem [1l

First, for any matrix A with singular value decomposition A = 3. ou v, we define
Aax(r) = 2p—1 opugv, and A_ max(r) = le/;pfl opupy, = A — A ax(r) as the leading

and non-leading parts of A.
Now we consider the proof for Theorem [I] By Lemma [9] there exists constants C' > 0
and ¢ > 1 such that

HF B FH < C\/umax - 7(/Hmax/n) - log(n) (31)

)
n

~ Hmax * T(y/Hmax/n) - log(n

Hu—wm§c¢ s 1) o5(1) (32)
with probability at least 1 — O(n™¢). By Lemma @ one further has 7(y/fmax/n) <
Ct(log(n) + log(1/pmax)) < Ctlog(n), provided that n > C’orp“gm—a’; -7log?(n) > Corp >

H‘min
Co/ pimax- Thus, and implies

[maxT log2 (n)

>1-—n"°¢ 33
. >1-n (33

P max{Hf‘—F

=l } <€

Assume holds, define ]?‘((f) = fJE[:’l:r]ﬁ)F’[l:nl:T]V; (1] then F() = (]?‘g:))Jr. By

Lemma 4| and ]?‘(()TA) is the leading # principal components of F, we have

[ -el, <27

. 2
gc\/ —T“maﬂnlog ™), ovF

F — FH + Q@HF— max(f)” + HF*maX(f)HF

(34)

Ffmax(f“) H + CHF, max(7) HF

15



By Holder’s inequality,

p
L 95 DIl NP il
=1 j=1 7j=1
1/2

PSS Ee) = pfE ], N

=1 j=1

Flbmax T | 2 =
Scp\/TMaTnOg(n) + C\/;p HF—max(f)H + CpHF— max(f)HF

—C\/TZ) * Plmax - Tlog (n) + C\/?Zp HF— max () H + CpHF—max(f) HF

provided that , hold. On the other hand, we always have the following loose upper

bound,

o0 e <0 e, <2 w

Since and hold with probability 1 — O(n™°), we finally have

i NP R

..
— * Plmax * TIOg ( )+C\[pHF max(7) H +Cp”F max( r)”F
+ 2 - P (either or not holds)

rp _ )

which implies the error bound for F(") provided that rank(F) < 7.

A o (7) o (7)
Next we consider the error bound for P(). Since P( - IIIE(T)H l(r) ||1§T)||
|Fi.|[1 = pti > fmin, therefore
ININE L~ pli Lemma B <~ 2| B — F
- HP(’”) - PH =3P - Y 2||F;.” — Fila
p 1 p i—1 i—1 Plmin

<C 7 ,U/max -TlogQ(n) i C\/;HF—max(f)H +CHF—maX(f)HF'
np p,umm Hmin

One can similarly show

114 max Cyr Ffmax 7 +C Ffmaxf
Lpo - p|| <oy L e o2 VI max@) | + CIF - maxiollr-
p np plumm Hmin

Therefore, we have finished the proof for this theorem. [
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5.2 Proof of Corollary

We only focus on the case with Cheeger’s constant as the proof for eigen-gap-based scenario

essentially follows. By Lemma [7] one has
2
7(e) < @bg(l/(%umin)), Ve > 0. (37)

Combing with Lemma @ and n > C %W for large constant C' > 0, we have
nd X X 1

mas {||F— B[ 17—l } < c\/“ma Tt 1) (1)

HMmax log(\/?l/(Q,U/min\/ ,U/max)) 1Og(n) Hmax 10g2( )

<C <CO\| ———=

nd?2 nd?2
for large constant C' > 0 and with probability at least 1 — O(n~¢). Applying (38), the rest
of the proof exactly follows from the one of Theorem O

(38)

5.3 Proof of Theorem 2

First, it is helpful to study the Kullback-Leibler divergence between two Markov processes
with same the same state space {1,...,p} but different transition matrices P and Q. Sup-
pose 1 is the stationary distribution of P, X(1) = {9381), .. ,mg)} and X@ = {x62)7 . ,azg)}
are two Markov chains generated from P and Q, and wél) ~ 1, i.e. the starting point of
XM is from its stationary distribution. Then, clearly .TU(()I) xﬁl) identically satisfy the
distribution of u (though they are dependent). Recall the KL divergence between two
discrete random distributions p and ¢ is defined as Dir(p|lq) = >, p(z)log(p(z)/q(x)).

Thus,

Dxr (X(I)HX@)) Z Py (X)log pxw(X)
Pxe (X)
Xe[pntt X

P (X(l) = (u,...,m)) -log <P(X(l) - (io"'win)))

aiks

P(X® = (ig,...,in))

/j’iOPi07il e Pinflvin >
,uioQio,il e Qin—lyin

:uiOPio,il t Pin—Q,in—1 ) Pin—l»in
Hi v Pin g, l0g < +log | —/——
2 1Py Py { tio Qig,ir = Qip_yin_1 Qi 1in

i0,-+yin—1€[p]™ in€[p]

P

1 ) @) 9 n—1,in

{ (() 7"'7$n—1}H{ 0 - ) 7(7,)1 > Z Fin—1 Z in— 171"10g<QZ . )
x in—1,in

}n+1

WioPig iy - Pi, 4, 10g (

}n+1

|
-
N
—~

’Ln 1€[p Zne[p
:-DKL {l‘él),.,_,$£lel}||{$(()2),.. ) 22)1 )+ZMZDKL (Pl”Ql)
i€[p]
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Then it is easy to use induction to show that

D (X<1>||X(2)) — Dpy <{x(<)1)’ oz D, .,xﬁfll}) + ) piDkr (Pi||Qi)
i€[p]
—...=Dgr (:c(()l)Hx(()2)) +n > wiDrr (Pil|lQs) .
i€[p]
(39)

Next, we consider the proof the frequency matrix estimation lower bound. Let py = |p/2],
lo = |po/{2(r — 1)}, and construct

lo lO
W _ 1 T, T R® ... rR® _r® ... _R® 0,0 x (p—200(r—1))
P 1 1 + - k k k k
» 2p [-R® .. —R® R® ... RO 0, 0 )
0 (p—2p0) x (1o (r—1)) 0(p—2p0)x(lo(r—1))  O(p—2p0)x (p—210(r—1))

(40)

Here {R)}™ are i.i.d. Bernoulli po-by-(r — 1) random matrices, 0,xp is the a-by-b zero
matrix, and 0 < 7 < 1 is some constant to be determined later. Then clearly, P is a
transition matrix, and %11, is the stationary distribution, then the corresponding frequency
matrix F*) = %P(k). Now for any k # [,

1 2l07' 2l07'
I §0], = Ljp® _poy, - 27 oy, - 207355 o
=1 j=1

It is easy to see that {‘Rgf) — Rg-)

} are i.i.d. uniformly distributed on {0,2}. These

random variables also satisfy

E)Rg;,f)_Rg)’:L Var®® ~RY) = 1, HRE?—RE?I—l\Sl-

ij
By Bernstein’s inequality, for any £ > 0 we have
2 -1 2 —2/2
IP( HF(k) _F(z)H B lmpo(z?” ) > l(;Tg) < 2exp< e”/ )
1 p p po(r—1) +¢/3
Set € = po(r — 1)/2, m = |exp(po(r — 1)/28) |, then we further have

loTp()(T' — 1)

2 _
P(VI<k<i<m, SHFw)_F(wH < Blorpo(r —1)
p? F p2
“po(r = 1) s (- 1)
>1 — — B S— _ _HYN T .
>1—m(m—1) eXP( 28 ) >1—m“exp 53 >0
By such an argument, we can see there exists {R(l), .. 7R(m)} C{-1, 1}p0><(7”—1) such that

MSHF(“‘F”)H  3loTpo(r — 1)

Vi<k<l<m, < >
p 1 p

(41)

18



We thus assume {R(l), .. .,R(m)} C {—1,1}Pox(r=1) satisfies ([41).

Next, we construct m Markov chains of length (n 4 1): {XM ... X1} For each
ke {l,...,m}, l‘ék) ~ 1?”, and the rest of the states jump according to P*) and F®),
Based on the calculation in ,

i (xx0) = 23 i (61 )
=1

Base on Lemma |5 and 1/(2p) < Pg?) < 3/(2p), we further have Dy, (PEMHPED) <
3pHPE.k) - PEZ)H% Thus, for any 1 < k <1 <m,

Dis (X[ x) <303 [P - POJ3 =30 3 (P - P’
i=1 4,j=1

p 2
:6nr Z ‘P(@) _ P(l.)) < 6nr - ||F(k) B F(l)Hl < 18n74lopo(r — 1).
p A= ij ij | = = P2
)=

Now, by generalized Fano’s lemma (see, e.g., [54], 53]),

lotpo(r — 1) <1 B 18n72lopo(r — 1) /p? + log2>

inf sup F—FHl >

F Fe{FO), F(m)} p? log m
Finally, we set 72 = {Wz(r—l) (% log(m) — log(Z))} A1,

inf sup HF—FH > inf sup H]?‘—FH
F FeFp, L F FefFr),. FOm)} 1

Zpolo(T‘ -1 [p* (3 log(m) —log(2)) >edPU At
2p? 18npolo(r — 1) A 1 n

Then we develop the lower bound for transition matrix estimation. To simplify the

notations, it is without loss of generality to assume that p is a multiple of 4(r — 1). For
1<k <m,let

k 2—
Pt = [7” Lo/ 3 1px<p/2>}
0p/2)x (p/4) 0(p/2)x (p/4) 0(p/2)%(p/2) (42)
+7-(2—7) R® ... R® _R®E ... _RK 0p/4) (/2)
2 |-R® ... RO RO .. RO o 0
l() lD

where Iy = p/4(r — 1), R®) € RO/Dx0=1 RF) is a (p/4)-by-(r — 1) matrix with i.i.d.
Bernoulli random values, v = 6mp, and 7 is some positive value to be determined later.
It is easy to see that rank(P*)) < r. Let

2—7 gl
I T T
n = Tlp/2 51p/2 . (43)
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Then we can check that ,uTP(k) = ,u,T, mini<j<p ,u; > Opmin, then ' is the invariant distri-
bution of P®*), and P®) ¢ Ppr6,in- Similarly as the proof for previous part, there exists
fixed matrices {R(M, ... R} C {—1,1}®/9*("=1) guch that m = |exp(cp(r — 1))] and

Vi<k<l<m, p(r—1)/4< HR(’“) - R(Z)H1 < 3p(r — 1)/4.

Then for any 1 < k << m, we further have

Hp(k) _ p(l)H _1(2-9) Al [R® — RO, > 7(2 — V)IJ_
1 2p 8

Dice (1 X067, X00) =0 3 - (P [P1)

i€(p]
_ L& 7 (k) _ 2y~ (2—-9) ® | O
=n Z Z P 10g (P /P ) » Z 5 Dk, (uZ ‘uZ ),
i=p/2+1 J= 1 =1

where ugk) = %lp/g + % {RE.’C) RE_’“) — Rl(.k) cee Rl(.k)} is a (p/2)-dimensional distri-
bution. Similarly by Lemma [5], we have

2
uﬁ”)g?m-zo;?HRg’“)—Rﬁ.)H 3l°T R - rY

(k)’
D :
KL <ul i 5 ) ;.

’1 '
Thus,

DxL ({X(k), o ,X,g’“)}H{Xé’“), o ,Xﬁjﬂ})

6nyloT> 3p(r—1)

P/ o)
2— 3l 6n~l
_m( 7 X Z 0T HREk) _ < Smlor” oT IR® —RO|, < . — 187,
= P 1
1 _
Similarly as previous part, we set 7 = 210*”710‘32 AT,
inf sup Hp_PH > inf sup HP_PH
p FEPP T(emm P PG{P(1> P(m)} 1
ST@=p () 180Ty —log2)  p [
-~ 16 logm =32\ 18npy

1
>cp ( =, A 1) ;
n pemin

which implies the lower bound for transition matrix estimation. To sum up, we have finished

the proof for this theorem. [

5.4 Proof of Theorem [3

By Lemmas [0 and [9} one has

P <||F —F|| = O/ timanT 1og2(n)/n> <n,
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By Wedin’s lemma [49], one has

C\/umaxr logQ(n)/n
or(F) — 0r41(F)

max {||sin ©(Up, Up)]|, || sin ©(Vr, Vi) | } <

with probability at least 1 —n~. Since max{||sin @(Up, Up)||,||sin®(Up, Up)||} <1 by

definition,
Emax { || sin ©(Ur, Up)|l | sin ©(Vr, Vi) }
<E max {H sin ©(Ur, Up)|, | sin@(vF,vF)n} 1g
+Emax { || sin ©(Ur, )|, | sin ©(Vir, Vi) } 1g-

C\/MmaxT logQ(n)/n C’\/umaxT logQ(n)/n
or(F) — 0741(F) or(F) = 0r41(F)

Al

+1-P(Q) <

Since sin ©®(Up, Up) and sin ®(V g, Vi) are of r-by-r, we additionally have

C\J(rp/) - Drimas. - 7oz (n)
Or (F) — Or+41 (F)

Emax { || sin ©(Up, Up)llp, | sin ©(Vir, Vi) [} < AT,

Next we consider U p, and Vp. Let it be the empirical distribution of p,
1 n
peERP, ;= - ; Lixyo =iy

2
Provided that n > C %log(n) for large enough constant C' > 0, we have

min

5 / 7log2(n 1
HM - HHOO S c w S §Mmin-

- . - 1
min i > min g — |72 = o = 5 pmin, (44)

. i — [ _ <7 log?(n
i/ is — 1] = W < 2Mmiln'01//mng()' (45)
K

Then

and
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Since P = i 'F, we have
o] = - |
< H/?fl(f“ - F)H + || (diag(p) " — diag(i) ") F|
<[ - IF = B + ||diag(r/i) — I|| - | diag(1)F||

-1
§<minﬁi> |F — Bl + max i/ — 1] [P

| PmaxT log”(n) xﬂog | PmaxT log”(n) leOg
mln = +C IIlll'l = ||PH

Since ||P|| > H L 1TP||2 = 1, the inequality above further yields

2
HmaxT log®(n)
o - < ol P

Finally, by Wedin’s perturbation bound, we have

CIP| -/ (0/m) - e/ (P12 - 708 ()
or(P) — 0r41 (P)

max { || sin ©(Up, Up)|, | sin©(Vp, Vp) | } <

&)

with probability at least 1 — n~%. By similar argument as the one in Theorem |1 one can

finally show

CIP| - \/(rp/n) - pona/ (1) - Tlog(n)

. - . - <
Emax {||sin ©(Up, Up)l|r, | sin ©(V, Vi) | } < D)

0

5.5 Proof of Theorem 4l

We focus on the proof for Up, Up and r = 2 first, as the proof for Vp and Vg or r > 3
essentially follows. Without loss of generality we also assume p is a multiple of 4. First, we
construct a series of rank-2 Markov chain transition matrices, which are all in P, ,. To be

specific, let

Pk — 11 1T
p
i p/2 p/2 i
A\ Lppa o Lp/a a0 1l
+ ?P —lpa 0 Ly Lyja o lppa
a0k ... ok gk ... — 5pk)
-6k .. — 50k sk ... 58K
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Here {5(")}7 | are m copies of i.i.d. Rademacher (p/4)-dimensional random vectors, 0 <
0 <1 and m are constants to be determined later. It is not hard to check that the singular

value decomposition of P*) can be written as

1 1.\"
p) — (1 ) <1 ) +o®y®) ()T (46)
v )\t

where

P
Lp/a
P S R o IO N R E N
2(1+02) | 9% VP [—1pp
—68k)

Namely, P*) € P, ., k=1,...,m. Since A\p < 1/2,1/2 < P ) < 3/2.
Note that (8))T50) is a sum of (p/4) i.i.d. Rademacher random variables, by Bern-

stein’s inequality

P (73}4 (59)T50)] > 1/2) < 2exp (—2 (f/j '1%/.21);2)) ,

P (Elk; #1, s.t. /4 ’ Bk Tﬁ ‘ > ) <2. m(mZ_l)exp (—p/28) < m%exp (—p/28).
(47)

then

If we set m = [exp(—p/56)], the probability in the right hand side of is strictly less
than 1, which means there must exists fixed { B(k)};::l such that

1(BFN)TBD| < p/8, V1<k<l<m. (48)

For the rest of the proof we assume always hold. Now, for any k # [,

sin@ (U, U(P’)H—Hsm@ W) = /1 () To0)?
2 T30 9 2
R )

B a?p/4 p/2+8%p/4 §p/4 4
_\/p/2+52p/2 <1+p/2+52p/2> 2\/ p 2

It is easy to verify that %11, is a stationary distribution for all P*), Now for each 1 < k < m,

suppose X*) = {$(()k), .. ,ZL‘ng)} is a Markov chain generated from transition matrix P®*)
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and initial distribution x((]k) ~ I%lp. Then based on the calculation in Theorem , the
KL-divergence between X*) and X satisfies

Dy (XOX0) =3 Dy (PO PL)
=1

L P A2 2 3n\2,62
T2y e - POl <00 28 (#2) < P
=1

2log(m)—log 2

5 . By generalized Fano’s lemma,
3nAp

Finally we set § =

inf sup

B 3nA%62 +log2> S J
Up Pe{PM) ... P(m)} !

logm

sin @(ﬂp, UP)H Zg <1

il

Ap

which has finished the proof for the theorem. [J

5.6 Proof of Theorem [5

Denote Z = F — F. Based on the intermediate step in the proof of Theorem [l we have

1Z|| = Hf‘ _ FH < C /M.
n

with probability at least 1 —n~¢. Provided that o,.(F;) > ||F2||, the one-sided perturbation
bound (Proposition 1 in [§]) yields,
0 (FVE) - | Py FV L

o}(FV}) — a7, (F)

o (927
Here, P = A(ATA)TAT is the projection for any matrix A,
0r(FVr) > 0.(FVE) = |Z| = 00 (F1VE + F2VE) — | Z] > o(F1) — ||Z]],

771 (B) € 07 (F) + 2 = min [P~ K|+ 2] < [F ~ Fi| < [Fa] + 2],
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HP(FVF)FVF,L ’ = P(FVF)PUFFVF,L + P(FVF)PUF,J_FVFJ-H
< P(FVF)UFU;FVRLH + HP(FVF)UF7lU;,J_FVF7iH
~ - ro~ ~ -1 . -
< U;FVMH + H(FVF) (FVF)T(FVF)] (FVe) Up, Uf FVr
<|uL@E, + P+ 2) Vil ‘ —_ H (FVp) UFLH HUFLFVHH
Umm(FVF
<||UL(F1 +F2+Z)Vp | ‘
1
n HU F+F+ZVH HU (F1 + Fy + Z)V H
omin(F1 + F2 +Z)Vp) L re F ri(F1+Fa+Z)Ve,
(since UFF2 == O, F1VF7L == 0, UF,LFl = 0)
1
=|lULZV UL, (Fo +Z)VEg|- UL, (Fy +Z)V
|| F F,l” + mln((Fl Z)VF) || F,L( 2+ ) FH H F,L( 2+ ) F7J~”
(IIF2] + || Z]])?
<||Z]| + == T
Umln(Fl) ||Z||

Thus,

im0, Vil < (VAR U2+ (F 2D

(or(F1) = 1Z]))? — ([ F2ll + 1Z])?
When o,(F1) — ||[F2| > 3[|Z]],
(0(F1) = [|Z]))* = (|IF2|| + ||1Z]))* = (0r(F1) — | F2|l — 2| Z]) (o+(F1) + |F2])

< (0(F1) — [Fal]) (3 (F1) + B ) = 3 (o3 (F) — )

121 (0, (F1) + |1ZI)) + ([Fa]| + |1Z)? = |Z] (0(F1) + 20|Fal] + 2 Z]) + [
<2||Zo| (0, (F1) + [Fa]) + [ Fol”
Thus, when o,(F1) — ||| > 3|1Z,

o 6/|Z| 3| F2 | >
sin®(Vp,V = M
[smn OV, Ve <UT<F1>—||F2|| o7 (F1) - [F2]?
62| 6HF2H2>
< i Al
< (s el * ofehy o

O timaxT 082 () /- Oy
or(F1) — [|F, o2 (F1)

A1l
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On the other hand when o, (F;) — ||F2| < 3||Z|, a(%)ZHHZH > 1 then (49) still hold.

Similarly, one can show

C||Z| C||F2|
sm@ (UFaUF>H _Ur Fl) HFQH + Ug(Fl)
C fimaxT log?(n)  C||Fy
< + Al
~ \ or(F1) — [|F2|| n or(F1)

Next we consider the second part on the misclassification rate of r-means. By Proposition
V  is piece-wise linear with respect to partitions Gy, ...,G,. Then we write Vp = M X,

where M and X are the membership and probability matrices, respectively:

1, i-th state € G,

M € R, M, = b state & &y (50)
0, i-th state ¢ G;.

X e R, X >0 (51)

Since Vp = MX is an orthogonal matrix, X ' M MX = I,,, note that MM = diag(n1,...,n,),
we have X "diag(ny,...,n,)X = I,, then diag(ni/Z, . ,n%p)X is an orthogonal matrix,
which implies

1

X113 = [k X[ X = (1Gs] - [Ge) T2 1y, VI<ij<p.
S
This implies for any two states 4, j, if i € G, j € Gy, then

IV E) g — (VE)all3 =1 X sy = Xiealls = 1Xs,qll3 + X113 + 2X( 4 X,
1 1

—-1/2
=g gy~ 2UG G Ly
] 0, 1 and j belong to the same group;
= |és| n l%, otherwise.

Next, we apply the approximation for r-means (see, e.g. Lemma 5.3 in [24]), we have

ZIS!

2
4(4+22) min [V = VO < Cr [sin© (VF,VF) H

< r,umaXTlogQ(n) CT||F2|4> Ar
n(o.(F1) — [[Fl))2  o}(F1) ‘

which has finished the proof for this theorem. [J

5.7 Proof of Theorem [6] and Corollary

In order to show this result, we introduce the following lemma to characterize the {5 error
of F.
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Lemma 1. Suppose K is an order-| 3| smooth kernel. Recall that the kernel estimation for

F is
N "1 a—Xpq1 b—Xy
F = K )

Provided that n > C'log(n)T,

48
~ 2 ~ 2 1 4B8+2
E HF - FH - E/ (F(a, b) — F(a,b)) dadb < C <Tog(”)) .
F R2 n
The proof of Lemma [I] is postponed to the appendix. By Lemmas [I] and [4] we have

4p
~ 2 ~ 2 46+2
EHF—FH gCIEHF—FH gc(ﬂ%(”)> .
F F n

By Cauchy-Schwarz inequality,
E HF _F

<C </ (F(a, b) — F(a, b)) dadb> v <C <71°g(")) e .

n

E :E/’F(a,b)—F(a,b)‘dadb
1

By Lemma

~ _2B
QHF — FHgl da < C <Tlog(n)> 48+2 ‘
n

E[P — P, = E/ 1P (a,) = P(a,")l|e,da < E/

Hmin " fmin
By Wedin’s perturbation bound [49],

2 {Jsvo (00 Jsne (vrv) [ < T

C 7 log(n) e
o ) A

0
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6 Technical Lemmas

We collect the technical lemmas for the main results in this section. The first Lemma
demonstrates a sufficient and necessary condition for being transition and frequency

matrices of some ergoic Markov chain.

Lemma 2 (Basic properties of transition and frequency matrix for ergodic Markov process).
P, F € RP*P gre the transition matriz and frequency matriz of some ergodic Markov process
if and only if

0<P;; <L;V1<i<p P P;i=1,
pep, p—(p: (SPuSLVISispo Py : (52)
VIQ {1,7])},P[I71c} 7é0
F1,=F"1, 1/F1,=1
and FeF, F=SFcRr?P. 7 pr PP . (53)
VIQ {1”p}’F[I’IC] 750

Proof of Lemma We first consider the condition for F. When F &€ RP*P is the
frequency matrix of some ergodic Markov chain, we have F = diag(u)P, where p and P

are the corresponding stationary distribution and stochastic matrix. Then

F1, = diag(p)P1, = diag(p)1, = p;
F'1, = P'diag(u)l, =P 'pu=pu=FI,
T T
L,Fl,=1,u=1

Here we used the fact that P = p' and P1, = 1,. Next, since the Markov is ergodic,
pi > 0 for any 4. Thus for any I C {1,...,p}, F; o) = diag(ur) - Pz e} # 0. This implies
FeF.

On the other hand when F € F, we define = F1,, P = diag(u~1)F. Since Fiuy (e #
0, we have p; # 0 for any 1 < i < p. Then F is well-defined. In addition, p and P satisfies

the following properties.
Lpu=1Fl,=1, Py;>0, Pl,=dag(p "F1,=diagp ")u=1,,
p'P =pldiag(pF =1, F = (F'1,)" = (F1,)" =p, (54)
VICA{L,...,p}, Py e = diag(p;") - Firpe # 0.

By comparing above properties with the definition of ergodic transition matrix , we
can see F is indeed a frequency matrix of some ergodic Markov process.

The proof for the transition matrix is similar and more straightforward. Thus, we
have finished the proof of this lemma. [

The next Lemma [3| characterizes the ¢; distance between two vectors after 1 normal-

ization, which will be used in the upper bound argument in the main context of the paper.
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Lemma 3. Suppose u,v # 0 are two vectors of the same dimension, then

If one replace u,v by univariate function, the similar result still holds.

u v

leflv ol

2||lu — vl
- max{{lully, [[ofl1}

Proof of Lemma [3l
u W u—v v luw—wvllx | ullx = vl
ulle Mol fly =1 el lly - Wil Aollofly = flully [[ullx
2[lu —v[lx
[[ullx
imi u v 2lu=vllx coh il
Similarly, Tl ~ ol 1§ ol , which implies . O

The following Lemma [4] demonstrate the error for truncated singular value decomposi-

tion.

Lemma 4. Suppose A and A are any two matrices of the same dimension, A= A nax(r)-

Then the following inequality holds,
|A-a| <2ver|A— Al +2varlA pull+ 1A pulr- (56)
If rank(A) < r, we also have
|a-a| <2iA-ajr (57)
The results still hold if A and A are two bivariate operators.

Proof of Lemma Note that A and A L ax(r) are both of rank-r, thus A - A ax(r) 18
of rank at most 2r, and ||A — A llr < V2r||A — A x| By Weyl's inequality [50],
or+1(A) < 0,11(A) + ||A — AJ|. Therefore,
||A - AHF S||A - Amax(r)HF + ||A—max(7“)||F < @HA - Amax(r)” + HA—max(r)HF
<V (A = All+ A o) | + 1A maxr) ) + 1A a1

<V2r (IA = All + 0741(A) + 7741(A)) + 1A a7

Weyl’s inequality
<

V2r (A = Al +2051(A) + A = All) + A pasr 1
:2@HA - AH + 2\/§”A7 max(r) H + ”Af max(r) HF7
which yields . For , we have

|A-A| <IA-Alr+|A-Alr= min_[|A-Mr+[|A-Alr
F rank(M)<r

<|A—~Alr+|A-Alr=2A-AlF.
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Our next lemma characterizes the equivalence between KL divergence and ¢o distance

between two discrete distribution vectors.

Lemma 5. For any two distributions u,v € RP, such that Y % ju; =1, Y7 jv; =1. If
there exists a,b > 0 such that a < u;,v; < b for 1 < i < p, then the KL-divergence and {

norm distance are equivalent, in the sense that,

a b
2l — o113 < D ulle) < ool — vl (58)
Here D, (ullv) = >°F_; u;jlog(u;/v;) is the KL-divergence between u and v.

Proof of Lemma [5 By Taylor’s expansion, there exists & between u; and v;, such that

P — U )2
log(vz/uz) :log(vl) _ log(ul) _ V; U; . (’UZ ul) 7

Thus,
- P Ui('Ui - Uz’)2
Dcr(ullv) =Y —uslog(vi/ui) = —(vi — u;) + — e
i=1 i=1 i
p 2
b(u; — v;) b 9
SZT = EHU_UH%

ui(v; — u;)?
)

7

Dy (ullv) = Z —u; log(v; /u;) = Z {—(vi —u;) +
i=1 ;

=1
p 2
a(u; — v;) a
ZZ# = TbQHU’_vH%’

which has finished the proof for this lemma. [

Lemma 6 (Exponential Decay of Markov Mixing Rate). Suppose 7(¢) is either the discrete
or continuous Markov mizing time defined in , e < <1/2, then

log(e/9)
< . —— ' 7 .
7(e) < 7(9) ({ og(20) +1 (59)
Proof of Lemma |§|. We denote {e(i)}f:1 as the canonical basis for RP, namely e(® is

equal to 1 in its ¢-th entry and equal to O elsewhere. For any vector § € RP, we also use

0.+,0_ € RP to denote the positive and negative parts of 0, respectively, i.e.
(9+)j = min{6;,0}, («9_)]- = —max{6;,0}, 1<j<p. (60)

34



Clearly 6, > 0,0_ > 0, and § = 6, — 0_. Suppose k = 7(9), then for any distribution
6 € RP with ), 6; = 1,0; > 0, and any integer k' > k, we must have

p p p
STPFOeD ) <> 6 % HP”(;@ - “H1 <3 6] -6 = 6. (61)
i=1 1 =1 i=1

When 6 and p are both distributions, Z§:1 Prg; = E§:1 pj =1, then Z?Zl(PkG—u)j =0,

and

/ 1
sl =
1 2

— - |prg— H 2
-1l 2H Hl (62)

0-0),) -l

Next, we consider any integer & > 2k, then k¥’ — k. One can calculate that

L 5w _ L pr—k phy I e kp Pk,
3 [PY0—u], =5 [P @ro -], = 5 [P @0 - - e - ]|

1 . (PRO— )y
<- Pk k_\" 7 P+ . Pkg o

o7 e ), o=
L e (PR —p)_ L

T3 — el [[(PRO — )|y
2’ i@ M, )|

1
< o (| @80 — | + @0 —n)-| ) <sIPO—ul < 5202

By induction, one can show for any integers I, we must have
1 / 1
UK > 1k, SIIPEO — ply < 5 (20)

Note that 6 < 1/2, e <9, we set | = [lﬁgg 1—1—1 Then for any k' > ki,

/ log(e/d)
%Hpke’“Hl < %(25)1 5 (20) Tt 1 ;25-(5/5) _ . (63)

which implies () < kl = 7(8) - ([log(¢/)/log(28)] + 1), and complete the proof for (59).
The proof for continuous case is similar after replacing P by P. Thus we have finished the

proof for Lemmalf] O

The next Lemmas [7] and [§| relates the Markov mixing time to Cheeger’s constant and

eigen-gap condition. The detailed proofs were given in [30] and [28].

Lemma 7 (Markov Mixing Time and Cheeger’s Constant). Suppose P € RP*P is an ergodic

Markov chain transition matriz with p states and stationary distribution p. Let

S e icoenp.
P — min £i€Q,j QU Pij (64)
QC{Lph () D ieq Mi

be the Cheeger’s constant, then the mixing time, defined as (5)), satisfies the following upper

bound,

2 1
< — .
T(e) < o2 log (25Nmin> (65)
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Lemma 8 (Markov Mixing Time and Eigen-gap Condition). Suppose P € RP*P is an er-
godic and reversible Markov chain transition matrix with p states and stationary distribution

. Suppose Ao is its second largest eigen-value, then

1 1
< 1 .
T(e) < e og <2€Mmin> (66)

Lemma 9 (Markov Chain Concentration Inequality). Suppose P € RP*P is an ergodic
Markov chain transition matriz on p states {1,...,p}. P is with stationary distribution p
and the Markov mixing time 7(g) defined as . Recall the frequency matriz is defined as as
F = diag(p)P. Given a Markov chain with (n+ 1) observable states X = {xg,x1,...,zn},

we introduce the empirical stationary distribution fi and empirical frequency matrixz as

= — er., where ey, is the indicator for xy, i.e., (ez,); = 67
] n ;; k k [ k ( k) { 0, p#i; ( )
.1 1 ~ (s
F=_ E;, where Ey € Rpxp7 (Ek)z] _ ) (-’L'k 171.76) (’L,]) (68)
ni 0, otherwise.
When n > Cpmax/a, o = 7 (min{t/2, pmax }) + 1, we have
- tn/a)?/8
R B P ;
vi>0 =t) = copexp 2npimax/a + tn/(6c) (69)

P HF B FH > C \/ PmaxT (\/ fmax /1) log(n) —co (70)

n

(tn/a)?/8 > (71)

(”/J’ :U“HOO e ) — anp( 2n,U:maX/a +tn/(6a)

n

P (- sl > c\/ e BT (72)

for some constants C, c,co > 0. Furthermore,

o if P has Cheeger’s constant ® defined as ,

- mxl 1 minl 2
p HF_FH>C\/M ax log( /gﬂ Jog"(m) | _ o (73)
n

(74)

m Xl 1 min 1 2
]P) Hﬂ _ MHOO Z C\//’L a Og( //;2 ) Og (n) S n—CO,
n

for some uniform constants C,c,cq > 0.
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o if P is reversible with second largest eigenvalue Ao < 1, then

~ Hmax lOg(l/ﬂmin) IOgQ(n) —c
_ > < 0
P HF FH > C\/ n(l = o) <n (75)
- Hmax log(l/l«bmin) 10g2 (’I’L) —¢
_ > < 0
Plla—ple= C\/ n(1— Ay) =" (76)

for some uniform constantc C,c,cy > 0.

Proof of Lemma@. Let ng = |n/a], and without loss of generality, assume n is a multiple

of a. The more general case where n is not a multiple of « can be derived similarly.

. . . = (1
We introduce the “thin” matrix sequences, e and Eé) , as
k

(1

e,(g) = €z — E (ezkaJrl‘ex(k—l)a-H) , Il=1,....,sk=1,...,n0;

= (1

E](C) = Eka+l —E (Eka—&—l’E(k—l)a—&-l) s [l = 1, ey QG k= 1, ..., no. (77)
By Jensen’s inequality, for any [ =1,...,a,k =1,...,ng,

HE (eﬂclm-H |€x(k71)a+l) H2 < EHewm-‘-z ”2 <1, HE (EkaH‘E(kfl)aH) H < E”EkaHH <1,
(78)

which implies

f, <2 [o] <> "

Now we develop the concentration inequalities of the partial sum sequences for any fixed (.

Note that for any given ES)

, and €50 i.e. given the values of (Zgaii—1,Tkar) pair, the

conditional distribution of e;, ., , satisfies

T a—1
a:/mH,l]a:(k_l)aH ~ ex(k71>a+lP N k} = 1, ..., Q.

For convenience, we denote i = e, By our mixing time assumption,

(h=1)ati P71

1= plly = e 1oy PO o] < min{E/2, ) (80)

will be crucial to our later analysis. Note that

= (1
E;(C) = Egat1 — E (Eka—f—l‘x(k—l)a—l—l) , where Epat = €aii €. 0 (81)

P (Eka+l = eieﬂﬂi(kq)mﬂ) =P ((Jfka+z—1,l’ka+l) = (@j)‘x(kfl)oﬂrl)

e =)
- (ex(kfl)aHPa )Z -Pij = 1Py,
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we can further calculate that

M@
M@

E (Eka+lE;cra+l’w(k—l)a+l> €i 6 ,Uz ij = Zeze fi

Il
—

7

1

L (83)
=diag (1) = diag(p) + diag (it — )
j,umaxlp + ||,l~L — ,U||1 : Ip = 2,Umaxlp;
p P
E (E;a+lEka+l’ (k-1 a+l> DD ejef {iuPi}
=1 j=1
p p
= Z Z ejej {niPij} + Z Z eje; {(fii — p)iPij}
=1 j—1 i=1 j=1 (84)
p
Z eje }wZeJ ¢j I = il -maxPy; - (since p'P = )
j/‘maxlp =l Ip = 2pmaxp.
Therefore,
0=k (B &)T|E,)
.
{ Erati — E(EratilZ(o-1)at+1)) (Bratt — E(EratilT(h-1)at1)) ‘x(kq)aﬂ}
{Eka+1Eka+1 ‘33 k— 1)a+z} E {Eka—H ’x(k—l)a—&-l} E {El—craJrl’x(k—l)a-i-l}
<E {Eka+1Eka+1’x k—1 a+l} j 2NmaxIp~
Similarly,
0=k (®)E|E,)
.
{ (Bratt — E(Bratilz—1)at+1))  (Bratt — EErast|Th—1)a+1)) ‘x(k—l)a—',-l}
{Eka+1Eka+1’x k-1 a+l} E {Ezaﬂ x(k—l)oc—&-l} E {Eka—i-l’x(k—l)a-i-l}
jE {Eka+1Eka+1‘$ k-1 a+l} = 2Nmaxlpu
which means for 1 <k <ng,1 <l < a,
o e I M | S

Next, the predictable quadratic variation process of the martingale satisfies

IEICTETNE

< 5 (B[ < 2
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S (6080 01) | <55 s (780 80| <30

Now by matrix Freedman’s inequality (Corollary 1.3 in [47]), we know

1 <= =0 < (tno)*/8 >
Pll|l— E >t/2) <2 — . 86
( no kzl ; a / = e 2n0Mmax + t’I’L()/G ( )

E (Eka-‘rl ~T(k—1)a+l) — diag(p)P

i=1 j=1
=diag el(k et )P diag(u)P
thus
| (Braserase) - diog(oP| <1~ wP = max ' ding(i - u)Po

lull2=]lv]l2=1 &)
P p P
< unvlgfgp ZW@(/N% i) Pijvj| < ZZ 1) Pij| < ||a— plh S t/2.

Jull2=v]2=1 =1

The last but one equality is due to Z _1 P =

, and , we have forany [ =1,...,«

1 & 2/8
Pl — >t <2pexp (— (tno)”/ ) .
no = 210 ftmax + tno/6

> Epati —
k=1

Finally, we only need to combine these “thin” summation sequences as follows,

. lem 1 &
IP’(HF—FH Zt) :]P< QZ;WZ;EMH_ 2t>
1
Z Ekoc-i—l ) < Oélng%JP< ;nOEmH -F|| > t)
(tno)?/8 >7

2n0imax + tno/6

] 1 P;j =1 for all 7. Combining ,

max
1<l<a

<2apexp <—

which has finished the proof for the error bound of F.
The proof for ||t — u||eo is similar. Note that for any index j € {1,...,p},

(ég)>j = (6mm+l)j -k <(el’ka+z)j

=Uopuri=j} — E <1{xka+l=j}‘x(k71)a+l> :

ex(kfl)a+l>
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Clearly 0 < E (1{:cka+l:j}‘x(k—1)a+l) < 1, which implies ‘(é,(cl))j‘ < 1. Additionally,

E (éf(f)>j = Var (o onre) B (r,000) = (6 00P7),
<pj+ (el(k,l)QHP”‘ - MT)j < 2ftmax-

By Freedman’s inequality (e.g. Theorem 1.6 in [I7] and Theorem 1.1 in [47]), for any
1<j<p,

P i(*”)- >t/2 | <2 s
k=1 )= =P 2n0Umax+t/6

On the other hand,

’ ’E (ezka-‘—l

Combining the two inequality above, we have

T

¢
T o T
Cr-rjarst T~ H Hoo L H

ex(k—l)omtl H 1 2

cennens) <4 =

S~ (0 —t2/8
P D)l > 1) <2exp (0 ) 88
>l 2t < exp (G 1o (58)
Therefore,
1 (6%
P (i — pllos > ) = EZ —Capan|| 2
. . (89)

1 —(tnp)?/8
<P E — >t <2
- <1r£la§)§1 “— ng Copati|| = ) = SOexp <2n0,umax +1tng/6 )’
which has developed the £, upper bound for g — p. O

Proof of Lemma [Il We first define

Er:R?2 SR, Epab) = %K (a _Z"f‘l, b _];”’“> — F(a,b).
Then F—F = 15 | E;. Let a = 7(¢) + 1 be an integer, where 0 < & < 1/2 is a constant
to be determined later, and ng = [n/a]. We first assume n is a multiple of o without loss
of generality. The proof for the case when n is not a multiple of ng can be derived similarly.
We introduce the following lemma to characterize the second moments among the ma-
trices {Ex}7_;.

Lemma 10. Under the setting of Lemma |1}, if a < k, o« < k1 < k1 + a < ko, then the
following upper bound for the second moments of E, and Ey, hold,

C

E / Ey(a,b)*dadb < Ch*® + =t (90)
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Ce
E / Ey, (a,b)Ey, (a,b)dadb < Ch*® + - (91)
Furthermore, for any general k,
9 C

Here, F(a,b) = u(a)P(a,b). C is a constant only depending on the kernel K.

Next we introduce the following “thin” sequence of the original Markov chain {Ej(a,b)}7_,,
E]E;l):Eka+lv lzl?"'uaak:l?"'7n0‘ (93)

By Lemma we have

2 2
1 n 1 « (0% no
E|F - F|?% :E/ (n ZEk(a,b)> dadb = —; (Z Ei(a,b) + Ek> dadb
=1 2
2 (0% (0% no 2
« l
SnQ/ S Ea,b) + Y < E;)(a,b)> dadb

k=1 2

=1 \k=

Lemma [[02y C C 4e
< 5 {a <o+ h2> +a (no (Ch‘*ﬂ + m) + n2 <0h4’8 + m))}

4a°nd w5 Ca’ng  Ca’nie
B 0 0
= n?z O n2h? n2h?
Ca ¢
<Ch¥ + — + —.
S + i + 52
(94)
Let € = 1/n, by Lemmalf] a = 7(1/n) + 1 < C7log(n). We thus have
- 2
EHF—FH < oo 4 ETIoe(n) (95)
F nh?

1
It is easy to see that h =n~ %+2 achieves the minimum of the right hand side of (9F)), that

1S

(96)

n

4p
- 2 7
e|F - p §C<7k>g<m>4
F
This has finished the proof for Lemma O

Proof of Lemma For convenience, we denote

1/q
K, = </\K(a, b)|qdadb> V> 1
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as the ¢, norm of kernel K. In particular, Ko, = max, |K(a,b)|. Let fi be the marginal
density of z, then Fy(a,b) = jiy(a)P(a,b) is the joint density of (x;_1,xz). When a < ki,

by definition of o, we must have

ik — pally, = / (@) — p(a)| da < .

Then the ¢; distance between Fy and F are upper bounded as

HFk— /| a)) F(a, b)| dadb
(97)
< [ lin(@) - @) lua)do < pmsc.
Thus, IEE%1 has the following variance-bias decomposition,
BB} = [ BB (a,b)dads
(98)

< / (EEy(a,b))? dadb + / Var (Ej(a, b)) dadb,

which is a typical bias-variance decomposition. Next, we analyze these two terms respec-

tively. For the variance,

/Var(Ek(a b))dadb = /Var (h2K <a —;:'k—l’ b —hxk)>
/E K2 —Tp-1 b—2x dadeE/ K2 a—TE_1 b—xp d(g)d é
h4 h ) h R4 h S ; .

/ K?(a,b)dadb = I;j
(99)
Next, we consider the bias. For each fixed a,b € R,
EE; :%EK (a —= b _}Lm’“> — F(a,b)

/thK <a _Zk L _hxk) (Nkz(ﬂsz—lafﬁk) —F(a, b)) dzg_1dzy

/ %K (a _;ik_l, b _hxk> (~k(aﬁk,1, zr) — F(a, b)) drp_1dzy, (100)
= / %K <a _Zkfl, b _hxk> (Nk(xk—laxk) - F(xk—1,$k)> dxy—1dzy

+ %K <a _Iff’“‘l, b _h”"f) (F(xp_1, 1) — F(a, b)) dug_idzy,.
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We analyze the squared loss for the two terms respectively as follows. Note that for all
a,belR,

1 1 b— _
‘/K (a i1 b xk) (Fk(ka—l,fﬂk) _F(-Tk—laxk)> dxp_1dzy,

h?2 h " h
1 - eKoo
Sﬁ /Koo ‘Fk(xkfhxk) — F@z’kflaxk)‘ drg_1dzy < 2

Thus,

1 a— Tp_ 1 b—xyp ~ 2
/h4 {/K( - - (F(a:k 1, Tk) — F(xk_l,xk)> dx_1dzy ¢ dadb
Koe 1 a—xk 1 b—xk

Kooe
<57 [ K@) dad- / \ka_l,m N O

<KOOK152_

f‘ (Tg—1, k) F(a:k,l,xk)‘ dxy_1dzdadb

(101)

Next, since K is order-| 3] kernel and F € H(f, L), similarly to the argument in nonpara-
metric kernel density estimation (see, e.g., Proposition 1.5 in [48]), given that F belongs to
the Nikol’ski class H (3, L), we have

1 —ap_1 b— 2
/{/hQK (“ Z’“ L h“) (F(a:k1,xk)—F(a,b))da:k1da:k} dadb < Coh*®,

(102)
where Cp = ﬁ [ ulW) - |K (u)|du. Thus, (100), (I01), and together yield
//Rz (EE;(a, b))? dadb < Coh*® + K"gﬁ (103)
With , , and , and € < 2, we have
E/ E?(a,b)dadb < Ch* + 9,
R2 h?

where the constant C only depends on K and L, but not 8 and h. Then we have finished
the proof for the first part of this lemma.

We consider next. The key for proving is the fact that Ej;, and Ej, are
nearly independent when ky + o < ko hold. First, note that the joint distribution for

Tp_1, %k, T_1,x; in the given setting can be written as

—kl—l(

f(xkq—l? ThyyLho—1, ku) = ﬁkl—l(xkl—l)P(xkl—la Ly )Pk2 Ly l‘kz—l)P(ku—lv xkz)a
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which satisfies the following inequality

”f - F||€1

—k1—1(

Hﬂkl—l (@, —1)P 2k, -1, Thy ) P2 Thy Thy—1)P(Thy—1, Thy)

_ F(xkl_l, xkl)F(.TkQ_l, ku) '
1

< H{ﬂkl—l(xkl_l) — (@ 1)} P2y 1, 2 )PP @ 21 )P (-1, Thy ) ,
1

+ Hﬂh—l(xh—l)P(xh—la xkl) {Pk2_k1_1(xk1vxk2—1) - N(ku—l)} P(xkz—lvxkz) ’

1
< ||/~Lk—1 - :U’Hﬂl + ||Pk2_k1_1(xk17 ) - iu”fl < 2e.
(104)

In other words, two densities f(xg_1, 2k, x;—1, ;) and F(xg_1, ;) F(x;_1, ;) are very close
in 1 norm.

Therefore, we have

E / By, (a, b)Ex, (a, b)dadb
:/Ekl(a,b)Ek2(a, ) (k) —1, Thy s Thy—1, Thy ) ATy —1dTk, dTg, —1d Tk, dadb
—/Ekl(a,b)EkQ(a, b)F(xk,—1, g, ) F(xky—1, T, )dag, —1dxg, dag, 1 dxy,dadb

+ /Ekl(a, b)Ey,(a,b)dadb - {f — F} (-1, Thy s Thy—1, Thy )dTf, —1d Tk, dTg, —1dx ), dadb.
We analyze the two terms separately.

/ Ei, (a,b)Eg, (a,))F(xg, —1, x5 )F(xpy—1, Ty )dag, —1dzi, dxg, —1dzk, dadb

LA Lo
LA Lo

For fixed a,b € R,

2
K <a ; x’ b—hy> — F(a, b)) F(w,y)dacdy} dadb

1
h2

Ly (9=2 2=\ pan)) Fle.y)ded 2ddb
ﬁK - (aa) (l',y)-’ﬂy a

h ' h

1 a—zx b—y
— — ) -F F
/R2 <h2K< T > (a,b)> (z,y)dzdy
) F

(z,y)dzdy — F(a,b)

(F(z,y) — F(a,b)) dzdy.
Then (102)) implies
2
/ / LR (2 P28 (B y) — F(a,b) dedy b dadb < Ch,
2 h2 hh
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Next, for fixed xg, 1, Tk, , Thy—1, Tk, € R, the following upper bound holds for the integral

on a,b,
/ |Ex, (@, b)Eg, (a,b)| dadb < / [EZ, (a,b) + E,(a,b)] dadb

2 a—Tp, -1 b—xyp 2 _ofa—xp,—1 b—xp 9
<[ |=K? 1 1 ZK 2 2 4F (a,b)?| dadb (105
<[ |ge (e e v A Dot D20 ) L 4R (a,0)? | dadb (105)

4
<55 IKI7, +4IF7,.

Thus,
‘ /Ekl(a, D)Ek, (a,b) - {f — F} (@, 1, Ty Tyt Ty VA —1d s, dargy 1 dacg, dadb
< [ (GBI, + 401, ) 8 = FH ot 10 1,10, oty a2,
s (IR, + IR, )

To sum up,
Ce

E/Ekl(a’7 b)Ey, (a,b) < Ch* + =

where C only relies on K, L, and ||F|ls,. O
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