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Improved rate for a multi-server coded caching

Minquan Cheng, Qiaoling Zhang, Jing Jiang

Abstract

Multi-server coded caching, which can further reduce the amount of transmission by means of the collaboration among these
servers in the wireless network during the peak traffic times, can be seen everywhere in our life. This amount is called rate. The
three servers setting (two data servers and one parity check server)is widely used in practice, e.g. redundant array of independent
disks-4. Luo et al. in 2016 proposed the first coded caching scheme for this setting. In this paper, we obtain a smaller rate by
modifying Luo’s scheme for some parameters. In addition, our method can be more generalized to further reduce the rate.

I. INTRODUCTION

Predominantly driven by video content demand, there is a dramatic increase in wireless traffic now. The high temporal
variability of network traffic results in communication systems that are congested during peak-traffic times and underutilized
during off-peak times. Caching is natural strategy to cope with this high temporal variability by shifting some transmissions
from peak to off-peak times with the help of cache memories at the network edge.

Maddah-Ali and Niesen in [[6] proved that coded caching does not only shift some transmissions from peak to off-peak
times, but also further reduces the amount of transmission during the peak traffic times by exploiting caches to create multicast
opportunities. The first caching scenario is focused in [6]]: a single server containing N files with the same length connects to
K users over a shared link and each user has a cache memory of size M files. During the off-peak traffic times the server
places some contents to each user’s cache. In this phase the server does not known what each user will require next. During the
peak traffic times, each user requires a file from server randomly. Then according to each user’s cache, the server sends a coded
signal (XOR of some required packets) to the users such that various user demands are satisfied. The first determined coded
caching scheme, which is called MN scheme in this paper, was proposed in [[6]. It is worth mentioning that the broadcasted
amount of MN scheme for the worst request, where all the requirements are different from each other, is at most four times
larger than the lower bound when K < N [_2]]. We denote such amount by R,y (K, %) So MN scheme has been extensively
employed in practical scenarios, such as device to device networks [3]], hierarchical networks [4]], security [8|], multi-servers
setting [5]], [7], [9] and so on. There are also many results following MN scheme in [2f], [[10], [11], [14]-[17] etc.

The coded caching used in muti-server setting can be seen everywhere. We focus on the setting in [5] which is also widely
used (e.g. redundant array of independent disks-4) in our life. In this setting there are three servers, i.e., two data servers A,
B storing N/2 disjoint files respectively and a parity server P storing the bitwise XOR of the information in A and B. The
servers connect to users and operate on independent errorfree channels. This implies that these servers can transmit messages
simultaneously and without interference to the same or different users. According to user’s requirements, each server combines
multiple segments from its own files into a single message, and broadcasts it such that each user can be satisfied by means of
its cache and the received signal messages from servers.

In practice servers are aware of the content cached by each user and of the content stored in other servers. So even though any
two files sorted on different servers can not be combined into a single message, the servers can still coordinate the messages of
these two files. Denote the maximum amount broadcasted among the three servers by R files for the worst request. Clearly it is
meaningful to make R as small as possible. Luo et al., in 5] constructed the first determined coded caching scheme by means of
MN scheme and the results on saturating matching in bipartite graph. Specifically they first considered the symmetric request,

i.e., both data servers receive the same number of requests, and showed that in their scheme the rate R = %RM N(K, %)
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if K2L is even, otherwise R = (3 + tA(4))Rarn (K, 4%) where the upper bound of A(4L) is 2. Then a scheme and the
related rate for the other requests can be obtained directly by means of several classes of schemes in symmetric requests.

In this paper, by modifying the schemes in [5] we derive a new rate R = (3 + $A'(45))Rarn (K, 5F) when K47 is odd.

Here A’(3L) is obviously smaller than A(4L) in most cases. In particular K is large, % ~ 0 if & nears 1/2, and
% = % if % nears % or % The rest of this paper is organized as follows. Section [[I| briefly reviews MN scheme,
the scheme proposed in [5]] and the related concepts. In Section [III, an improved scheme and its performance analysis are

proposed. Conclusion is drawn in Section

II. PRELIMINARIES
A. MN scheme and bipartite graph

In a (K, M, N) caching system, denote N files by Wy, Ws, ..., Wx. In the single server setting, when ¢ = K % is an
integer, an MN scheme can be realized as follows [6]].

o During the off-peak traffic times, each file is divided into F' = (If ) equal packets, and is denoted by W; = {W, 7 | T C
[1,K],|T| = t}. Each use k caches the following packets.

Zy={Wir | keT,i=1,2,...,N}

« During the peak traffic times, each user requires a file randomly. Denote the user request by d = (dy,ds,...,dk). Then
for each subset S with cardinality ¢ + 1 of [1, K], the server broadcasts the following coded signal.
@de,S\{k} (1)

keS

K

‘ le) times. So the amount of transmission by server is

- (5)/ ()55

The following concepts related on graph and matching are useful in this paper. A graph is denoted by G = (V, £), where

Clearly the server broadcasts (

V is the set of vertices and & is the set of edges. A subset of edges M C £ is a matching if no two edges have a common
vertex. A bipartite graph, denoted by G = (X, Y; &), is a graph whose vertices are divided into two disjoint parts X and )
such that every edge in £ connects a vertex in X’ to one in ). For a set X C X, let Ng(X) denote the set of all vertices in
Y adjacent to some vertex of X. The degree of a vertex is the number of vertices adjacent to it. If every vertex of A" has the

same degree, we also call such a degree the degree of X and denote d(X').

Theorem 1: (Hall’s Marriage Theorem, [1]] ) Given a bipartite graph G = (X, Y; ), there exists a matching with |X|
edges, i.e., a saturating matching, if and only if | X| < |Ng(X)| holds for any subset X C X.

Corollary 1: ( [1]) Given a bipartite graph G = (X, Y; &), assume that d(X) = m and d()) = n. If m < n, then there

is a saturating matching.

B. The scheme in [15|]

Now let us consider the three servers setting. In the following we denote the files in server A and B by {A1, ..., An/s}
and {Bj,..., Byy2} respectively. So the files in parity server P are {A; @ By, ..., An/2 @ Bny2}. That is Table

TABLE I
FILES STORED IN EACH SERVER

Server A | Server B Server P
Ay By A1 ® By

Ay By As & By

Anya B2 Any2 ® Bnyo




And the following notations are useful.

o Denote the set of users requesting files from server A by K 4, and the set of users requesting files from server B by K.
Clearly the set of all the users is K = K4 |JKp. Let K4 = |K4| and K = |Kp]|.

o Assume that the kth user of 4 requests the dg-th file in server A, and the kth user of Kp requests the di-th file in
server B.

Luo et al., in [5] used the same caching strategy as MN scheme during the off-peak traffic times and modified the coded
signals in during the peak traffic times as follows. Given a subset S; of size ¢t 4 1, it can be divided into three parts, say
Qa, Op and Q/A where Q 4, Q;‘ C K4 and Qp C Kp. If there exists a subset Sy of size t + 1 which can be divided into
Qa, Qp and 933 where Q,B C Kp, then the pair (S1,Ss) is called an effective pair. When servers A, B and P broadcast the
following messages respectively

ms, = ( D Adk,sl\{k}>€9 <k§2 Adk,sl\{k}> ® ( D Adk,sl\{k}>
B

k€QA keQ/,

mg, = ( D Bdk,Sz\{k}> @( D B%,&\{k}) @( D B@,&\{k})
keQa keQp keQy

@[@
keQ

2

keQp A

( S5 Adk»sl\{k}> @< D Bdk,sl\{k}ﬂ@ [( D Bdk’sz\{k}> EB( D Adk,sz\{k}>
keOp keQgr k€EQa k€EQa

Then each user in S; and S, can obtain the requested packets from mg , m§ and mgl N s, So if the sets §; and Sy form an

mg ns, = l D (Az.si\ir) @ Baysi\(k}) (Buay8:\ (k) @Adk,&\{k})]

effective pair, then the messages indexed by S; and Sy in (I} can be replaced by three messages in (2). This implies that two
messages, which should be transmitted, can be completed as each server just transmits a single message. Clearly we prefer to
make as many effective pairs as possible. In the case of symmetric request, i.e., K4 = Kpg, Luo et al., obtained the following
results.

Theorem 2: ( [5]] ) Based on MN scheme, when K4 = Kp and K = K4 + Kp, the rate of the server system in Table
is
TRuN(K, ) if K& is even

PR ®
%+%A(%))RA1N(K,%) 1fK% is odd

e = { (
where A(%), which is bounded by %, represents the ratio of unpaired messages.

In the following we will focus on the symmetric request. For the sake of introduction in this paper, we will use the following
rules.

Remark 1: Each vertex of a graph is always represented by a subset S C K with size ¢t + 1. And for any bipartite graph
G = (X,);€) where a vertex S € X is adjacent to S’ € Y if and only if they can form an effective pair.

C. Research motivation

The brief proof of Theorem E] is very useful. Here we take the case that ¢ is odd as an example. For each w =0, 1, ...,
t + 1, define

Vi ={SCK|[S|=t+1,S[Kal = w} )
Clearly [Vu| = Veyi—wl = (09 (52,) = (52,) (0) since Ka = Kp. By the fact (,£)) = 52,7 (1) (1477,,), Luo
et. al. [5] constructed several classes of bipartite graphes satisfying Corollary [1{in the following way. For each w € [1, %),

they defined a bipartite graph G, = Vi, Vit1—w;Ew) by @) and showed that these bipartite graphes satisfy Corollary
When K4 <t+1, §(Ka # 0 always holds for each subset S C K with cardinality ¢ + 1. So they did not need to consider



the case w = 0. When K4 > t+ 1 and w = 0, assume that server A (and B) broadcast the messages mé (and mf), SCKy
(and § C Kp) independently. For the sets V%, V% , and V% , let

X:V%UV%, Y=V (5)

They defined a bipartite graph G = (X, ;) and showed that there is a saturating matching. So the number of unpaired

"= ‘ <(t . f)/z) ((t . f>/2> - <<t . f>/2> ((t ;- 5)/2) - ((t : f)/z) ((t g :?)/2) ' ©

and the ratio of unpaired messages is

messages is

t n
A(?) = m )

Since each unpaired message can be transmitted by any two servers, each server could transmit %n unpaired messages. So the

rate is

1—A(L) + 2A(0))(X
_ [( (K))(—%)j (K)](t+1) _ (;-ﬁ-éA(It()) R]\/[N(Ka%)'

This is the result in Theorem |2} From the above discussions, it is sufficient to study the number of unpaired messages when
we want to reduce rate Ry (K, 3L ).
I1I. IMPROVED SCHEME

In this section, we focus on the case of symmetric request for the case that ¢ is odd. Clearly an intuitive approach to reduce
the ratio of unpaired messages is finding the maximal matching of graph G = (V% U V% U V% ,€). It is well known that
this maximal problem is an NP-hard and its complexity is very high since there are ( K/z )( K/2 ) + (( K/2 )( K2 ) +

X K (t+1)/2/ \(t+1)/2 t—1)/2/ \(t+3)/2
( (t +3{)2/2) ( ( t—l/)2/2) vertices. We will propose a local maximal matching method to reduce the complexity.
Denote K4 = {a1, as, ..., ax,} and Kp = {by, ba, ..., bi, }. We divide sets V%, V% and V¥ into four subsets

respectively in the following way:

V'W;al’bl = {S € Vw | ay € S’bl € S}? Vﬂ1§a17gl = {8 € Vw ‘ ay € S7bl g 8}) (8)
Vw;ahbl:{sevw |a1 ¢S,b168}, Vv :{SEVw \al Z S, by gS},

wiay,by

where w = % % % It is easy to check that

‘V I_ K/2—1 K/2—1 |V 7|_ K/2—1 K/2—1
w;al,b1| — w—1 t—w ) wiay,by !l T w—1 t+1—w ’

K/2-1\ (K/2 -1 K/2-1\[K/2—1
Voo = w t—w )’ Vi, ol = w t+1—-w)’

Let A = % So A= % in MN scheme. Given a fixed number ), Table |[f can be obtained by (9) when K is appropriate large.

©))

Now let us consider the sets in and their subsets in (§). We can obtain a bipartite graph for any two different subsets.
However we only interested in the bipartite graph which has at least one edge. It is not difficult to check that any two elements

of a set can not form an effective pair since they have the same number of users requiring from server A(and sever B). So
Vicig ;E) as an

we only need to consider any two subsets from distinct sets. We take bipartite graph G = (Vt+1 a b Vista, b

example. First let us count the degree of each vertex in Vi1 a1 by Given a vertex
£ an,

S:{ailaaigw'-aai(t+1)/zvbi'17bi’2a“'v (+1)/2} VLE 5

L {in, o ie1)/2, 0050 - - 7i/(t+1)/2}’ it is adjacent to (¢ + 1)/2 vertices

Sj =S|} \ {ai,} € Veor gy,



TABLE I
THE CARDINALITY OF SUBSETS IN (8)

Subsets Cardinality Vw:,|/ |Vt+1 a b1| Approximate of |V, |/ IV%;% %
Vi a1,by ((It( :2>,)/12) ((fﬁ /12) % ﬁ
Vazt a1,by ((It{/?’r)/;) (<It<+/§ /12) (tit;_)%%:?iﬁi_(:i)n ﬁ
Veora, | (@) (h)2) R 25
V%,al b1 ((If/?)/g) ((Ifﬁ)/lz) Wiﬁig 1
V%,al,bl ((Iz(/?)/lz) ({:/?)/12) % ﬁ
Ves s, | (002) (1 2) R 2
V% 1,b1 (({:{ﬁ)/lz) ((I: ?)/12) =i =5
V% i@1,b1 ((t+1 /2) (({;?)/12) 1 1
V% a1,b1 ((It(ﬁ)/lz) ((It{/LQ’))/IQ) % ﬁ
V%,al,bl ((I;j)/lz)((}f ?)/12) e 25
Vits g, ((It(+/§)/12)(1;/§ /12) (tig;)t%:ﬁigt_’t?’jl) 25
V# 1,01 ((}t(+§)/12) ((It( ? /12) % 1

Hence d(V% a,5,) = (t+1)/2. Now let us consider the degree of each vertex in Vioig, p,- Given a vertex

S = {ail,aiw...,ai(tilw,bii,bié,...,bv bl} S Vt

Y1) /20 ja1,b1?

L {iv, .o i—1)/2,81, -+, i{441) 2} it is adjacent to £l = Kot=d vertices, ie., SU{a} \ {1} € Viai g, 5, for each

a€Ka\{ar}JS). That is d(Vt L) = Aol Sumlarly we can compute the degree of each vertex in the bipartite

5a1,

graph G = (X, ), £) generated by any two subsets from distinct sets and list them in Tables [[II| and [IV] where d(X') and d())
are respectively on the the top and bottom of the diagonal in the entry indexed by X’ and . It is easy to check that the elements

on the top and bottom of the diagonal in the entry indexed by (V% Vt+1 a 51) are % and % respectively. By

ja1,b17

the way the entry is defined by empty when there is no edges in the related blpartlte graph.

TABLE III
THE DEGREES FOR EACH BIPARTITE GRAPH (I)

Vit1
d(V%) V' Loa,by VJ; Ja1,b1 vi @by V%Tlvgl
v d(V)
-0 (K—t—1) t—1)(K—t—3)
V%,al,bl (K—t+41)(t+1) 4 (1{4+41)<n+3) 4
T—1)(K—t—3)
Vest o (K—H;)(H:x)
=i I R==T)(FD) 38
Vit o 41 2 \ (K—t-1)(t+ D) * N
2 7 2
K—t—3 GFrD(K—t—3)
V';,E 143 2 1
t—D(K—t—1) 2 t—1
Vs oy (1) (K —t41) ! 2
4 K—t—1 (K=t—1)(t+1) 1 t+1
Vigs [25Y 2 (H+D)(K—t—1) ! 2
2 4 (K—t—3)(t—1)
Vigs o, () (K1) !
K-t-3 E-t=3)t+D)
V%;& 1 43 2 (t+3)(K—t—1) 4
2 4

In order to make the cardinality of a maximal matching as large as possible, we can also use several subsets to generate a
bipartite graph.
Example 1: A bipartite graph G = (X, )»; E) where

X = V%:ﬁl,g ) Y= V%;El,ln UV%;M@’ (10)



TABLE IV
THE DEGREES FOR EACH BIPARTITE GRAPH (II)

Vi

can be obtained. From Table [[II, we have d(Vt+1 ) =4l = t+1 and d(Vf L n U Vt+ arB) = KL Suppose

s@,b1
that A € (0, 3_2‘/5). It is easy to check that t + 1 < E=EH if X € (0,4 — %], 0therw1se t+ 1 > E=ttL From Corollary
there is a saturating matching. So there are \Vf, Ly by, U Vs, 5] or |Vt+1 .5, | vertices in the max1mal matching of G
; Fia,

generated by (T0). Of course we can also assume “that

X = Vt+1 @1,b17 y Vt ,a1,b1 or X = V% y = V%

j@1,by? ja1,b1°
Similarly we can also show that they have saturating matchings respectively. And it is easy to check that cardinality of the

maximal matching by the first assumption is maximal.

With the aid of a computer, we have the following bipartite graphes such that the the number of the unpair of messages is
minimal according to the value of A.

A 0<A<35

When \ < 3’2‘/5, one of the most appropriate method constructing bipartite graphs is

G = (V% @b V%§Elvb1 U V%§alygl $€1)

G2 = (Vt+ a b17vi,a1 b];gg) G3 = (Vt+1 a1,517v%;a1,51;53) (11)
G4 = (Vt G, b1 Vt+3 a1, b1 54) G5 = (Vt' 1 sa1,b1 ’V%;al,bl;(%)

From Tables [[TI] and similar to the discussion in Example [I] the following statement holds.
Lemma 1: Each of the bipartite graphs in (II)) has a saturating matching.

From Lemma [T] and Table [[I] the number of unpaired messages is

= ‘V%ﬂlhh + HVH'Tl a1,b1| ‘V%;alybl UV%;GLEJ ’ + Hv#%alvbl - ‘V%;alvbl
+ HV%;al,Bl B ‘V%iﬂl’gl + vaﬁha ‘VHS,GLJH + HVt Liay,by V%,al,ln
2
_ t41 T g P N L ) (K/2—1)2
= |\ F=t=1 K—1—1 K— 3 (K—t+1)(K—t—1) | | \(t+1)/2

_ [\K 3t— 3| (t+1)2(K7t+1)(t+3)+8K(t+1)(K7t71)} (1{/271)2
| K—t-1 (K—t—1)2(t+3)(K—t+1) (t+1)/2



Now let us consider the reduction comparing with the scheme in [5], i.e.,

{lK—3t—3\ + (t+1)2(K—t+1)(t+3)+8K(t+1)(K—t—1)} (K/2—1)2
K—t—1 (K—t—1)2(t+3)(K—t+1) (t+1)/2

(82 (52 = (52 (558 2) = (52 (o 55,2)|

ni

K—t—1)*

_ (|K—=3t-3| + (t+1)? (K —t+1)(t+3)+8K (t+1) (K —t—1) CiSu) Iﬁz )
— N\ K—t—1 (K—t—1)2(t+3)(K—t+1) QUAD(K-t—-1)

(K—t+1)(¢+3)

~ 1= 3A(1— ) + A%

12)

The last equation holds when K is appropriate large and X is a fixed number. This implies that the number of unpaired messages
2

left by (LI) is about M times smaller than that of obtained by (3). Figure 1| is the function n,/n depends on

variable \ € (0, 3_\/5]. Clearly ny/n =~ é if A towards % We can also compute the ratio of unpaired messages as follows.

2

0B} ™ in (12) i

1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
A

Fig. 1. The function ZL in depends on variable 0 < A < 3 — /5)/2

AN = — < M
(t+1) ‘V# + ‘V% UV%
_ [\K—3t—3| n (t+1)2(K—t+1)(t2+3)+8K(t+1)(K—t+1)} _ K(gfﬁi/é)l .
K==l (K—t=1)2(t4+3) (K —t+1) 2(2052) (erar2) i) ((Xh2)

(K—t—1)2

_ [|K—3t-3| + (t+1)% (K —t4+1) (t4+3)+8K (t+1) (K —t—1) K2

= | K=t—1 (K—t—1)2(t+3) (K —t+1) QHDE-t=1)

E—+D0F3) T
113 (=042
~ 3
Clearly A1()) tends to 5= if A towards 3.

B. 358 <\ < V5L

When 3_2‘/5 <A< */52_1 , one of the most appropriate method constructing bipartite graphs is

G = (V%Kllybl ) V% 1,b1 €1); G = (V#WILEI ’ V%ﬂllygl )

Gs=(Vepg o Veoa nifs)  Ga=Vig 5. Vi, 5,:6)

ja1,b1?

G5 = (V% ’V%;al,bﬁ“’%) GG = (Vt;l 7 V# " 56)

;a1,b1 “5—sa1,b1? ja1,b1?

From Tables [[T]] and [IV] similar to the discussion in Example [I] the following result can be obtained.
Lemma 2: Each of the bipartite graphs in (I4) has a saturating matching.

13)

(14)



From Lemma [2] and Table [[I] the number of unpaired messages is

n2 = HV%;al,bl - )V%;El,bl + HV%;M,E ‘Vt Liay,by + HV’HA a1,b1 V%;alybl
+ HV% a B ’V%ﬂllygl + HV%;ahbl B ‘V%ﬂllvbl + va 1 ai,by ‘Vt'§3 a1,bi
_ 1 1 1 (t+1)(t—1)(K —t—3) 1 K/2—1\2
- (Ktjtq Ktj;ffl - 1‘ + 2‘Ktj;71 T AR)(K—t+)(K—t—1) "" ‘KH_ - 1D ((t+1)/2)
_ 1 8K K/2—-1\2
= <u<t 712t +2 — K|+ g5 1u+®uv4+n>(u+np)
Similar to (T2) and (I3), we have
n (K—t—1)2
2 _(_K _ t4+1 8K T
2 = (w2 - K+ 2 i) 2R sy | (15)
~ [2) — 1|
and the ratio of unpaired messages
N2 n2
Ag(\) = 5~ < =
/2 K/2 K/2 K/2
(t+1) 2((%1)/2) ((t+3)/2) + ((t+1)/2) ((t+1)/2) (16)
~ 1|20 — 1

Clearly both ng/n and Ay (X) tend to 0 if A towards 1/2. Figureis the function ny/n depends on variable A € (3_\/5 ‘/5_1].

0.25

gl = ng
T

01r 1

00af 1

D 1
0.35 0.4 0.45 s 0&s 06 0.5 07

Fig. 2. The function %2 in (T3) depends on variable 3-V5 o\ < V5oL

C @</\<1

When @ < A < 1, one of the most appropriate method constructing bipartite graphs is
Gi = (V#;alybl ) V%ﬁhbl U V%;"'lygl $€1)

G2 (Vt+1 ca1,b1 7Vt7 ‘a1,b1) 52) G3 (Vt+1 53)

(l

by Vr+

ja1,b17

Gy = (vt L@1,01° Vt+3,a1 by? 84) Gs = (th ;a1,b17 Vt“ ja1,b17 55)

Similar to the discussions in Section [[TI-A] the following results can be obtained.

a7



Lemma 3: Each of the bipartite graphs in (I7) has a saturating matching.

From Lemma [3] and Table [[I] the number of unpaired messages is

ns = ‘V%§al by ai,by| ’V%ﬂhbl UV%;M,E H + HV%;M,E‘ o V%;aha
+ HVHl ay,by 'Vt+3 jar,b1 + va L@,b1 ‘VH"S §@1,,b1 + Hv%ﬂlhbl - Vﬂ;alabl
_ 1 1 1 (t+1)(t—1)(K—t—3) K/2-1y2
- (1 + Kt—+t—1 Kt—+t—1 -2/ + 2’1{“? 1 (t+3)(K—t+1)(K—t-1) D ((t+/1)/2)
_ K 8K K/2—-1\2
= (1 + wmoioz 3t + 3 — 2K + g (t+3)(K7t+1)) ((tJil)/2)
Similar to (T2) and (T3), we have
(K—t—1)2
D (14 e [3t + 3 — 2K + 2 8¢ K
0 (K—t-1)? E=i=T@3)(K—t+1) ) 5@ (E—t=1) _ 4 18
(Rt (E3) (18)

~(1=X)2+ 31 -2

and the ratio of unpaired messages left

n3 ns3

Az(\) = 5~ < i
72 K/2 K/2 K/2
(t+1) ((t 1)/2) ((t+3)/2) + ((t+1)/2) ((t+1)/2)
[0+ =5 |2 - 2|+ | e it — 19
K=t=1 K= t ! K t VSR =) | a((B180) (o fdyye) (i hyye) (ide)

~ (1=X0)24)32—2]
~ 3

Clearly ns/n and As()) tend to é and 2— respectively if A towards %. Figure I is the function ng/n depends on variable

Xe (L),

09r

n08r

07r

0.1 1 1 1 1 1 1 1
0.63 07 0.75 0.8 0.8s ng 02s 1

A

Fig. 3. The function “2 in (T8) depends on variable % <A<1

Theorem 3: Based on MN scheme, when K4 = Kp, for the server system in Table [I| the rate is

M TRy (K, X if K& is even
~) = (

Ry(K,
7 + LA (M) Ry (K, MY if K s odd

(20)
»N

1

s T
where A/, which is the minimum value of A(3) in (), A1(4E) in (T3), Ax(3L) in (T6) and A3(%F) in (T9), represents the
ratio of unpaired messages.



Finally, we should point out that the rate in Theorem [3] can be further improved when ¢ is odd. First let us generalize the
notations in (8), i.e., define

v

WAL, 3Ok —15@hq 5015030n5 —1,00y

= {S €V | ahl,bh2 S S,ai,bj ¢S,Z S [1,h1),j S [l,hg)} 21

where w = 51, B B3 and by € [1, 5 —w+1], by € [1, 5 — t + w]. It is easy to check that

_ (Kf_lhl) <K£2—wh2) 22)

-y

/
2

| WiA1 5 3Ghq —1:,0hq 301,--30hy —1,0n4

and
1%

WAL, 3Qhy =158k 30150 s0h5 1,00y | I w;El,...,Ehll,l,ah/l,bl,....,bhfz,l,bh

for any distinct vectors (hy, he) # (h], h}). In addition,

K/2—w+1 K/2—t+w

(Kf) <t A w) - X 2 (Kf__ 1h1> (K,{ 2__wh2) 23)

()= () () s (7] e

always holds. So we have

since it is well know

K/2—w+1 K/2—t+w
Vu = U U Vw?Elv---aahl—laahl7517<~-7Eh2—17bh2.

hi=1 ha=1
Then we can also compute the degree of each vertex in the bipartite graph generated by any subsets in (2I). Similar to
the discussions in Subsections [[II-Al [[II-B| and [[II-C} we can further reduce the value of A’ (%) in (20) by sacrificing run-
time efficiency on constructing the most appropriate classes of bipartite graphs. In fact the sacrificing run-time is very small

comparing with that of finding the maximal matching of graph G = (V% U V% U V% ;E).

IV. CONCLUSION

In this paper, we modified the scheme for multi-servers setting in [S] when K % is odd. Consequently an obviously smaller

rate was obtained. Especially when K is large, R ~ £ Ry n (K, %) if 4 nears 1/2, and R ~ 3 Ry n (K, 5 ) if 4 nears £

or % In addition, our modification can be generalized to further reduce the rate. However with an exhaustive computer search,
it will cost more running times to search the bipartite graphs generated by the subsets in (ZI)) such that the unpaired messages
as small as possible. So it would be of interest if we can propose a determined construction of such bipartite graphs.
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